
Investigation of the validity of radiosity for sound-field
prediction in cubic rooms

Eva-Marie Nosala)

Department of Mathematics, University of British Columbia, 1984 Mathematics Road, Vancouver,
BC, V6T 1Z2 Canada

Murray Hodgson
School of Occupational and Environmental Hygiene and Department of Mechanical Engineering,
University of British Columbia, 2206 East Mall, Vancouver, BC, V6T 1Z3 Canada

Ian Ashdown
Heart Consultants Limited, 620 Ballantree Road, West Vancouver, BC, V7S 1W3 Canada

~Received 3 October 2003; revised 2 June 2004; accepted 12 September 2004!

This paper explores acoustical~or time-dependent! radiosity using predictions made in four cubic
enclosures. The methods and algorithms used are those presented in a previous paper by the same
authors@Nosal, Hodgson, and Ashdown, J. Acoust. Soc. Am.116~2!, 970–980~2004!#. First, the
algorithm, methods, and conditions for convergence are investigated by comparison of numerous
predictions for the four cubic enclosures. Here, variables and parameters used in the predictions are
varied to explore the effect of absorption distribution, the necessary conditions for convergence of
the numerical solution to the analytical solution, form-factor prediction methods, and the
computational requirements. The predictions are also used to investigate the effect of absorption
distribution on sound fields in cubic enclosures with diffusely reflecting boundaries. Acoustical
radiosity is then compared to predictions made in the four enclosures by a ray-tracing model that can
account for diffuse reflection. Comparisons are made of echograms, room-acoustical parameters,
and discretized echograms. ©2004 Acoustical Society of America.@DOI: 10.1121/1.1811473#
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I. INTRODUCTION

In the initial phase1 of the current research, algorithm
and methods were developed for acoustical radiosity for
bitrary polyhedral enclosures, based on a numerical solu
to the integral equation. These were programed inMATLAB

~Ref. 2! and validated by comparison to analytical solutio
for a spherical enclosure.

Further research is required to understand the neces
and sufficient conditions for convergence of the solut
found by the algorithms and methods to the analytical so
tion. The numerical solution has been applied several tim
in the literature3–7 but, apart from Schroeder and Hackman8

investigations for a two-dimensional enclosure, there
been little or no systematic investigation of the effect of va
ous prediction parameters, such as the space and time
lutions. Questions that need to be addressed include:
many patches and/or elements are needed?; what time
lution is fine enough?; how far~in time! does the prediction
need to be made?; what part of this should be exact~without
the averaging outlined in Nosalet al.1!?; and, what is the
error introduced by the use of configuration factors to
proximate form factors1? This research explores acoustic
radiosity thoroughly for one case—that of a cub

a!Current affiliation: School of Ocean and Earth Sciences and Technol
Department of Geology and Geophysics, University of Hawaii at Man
1680 East-West Road POST 813, Honolulu, HI, 96822. Electronic m
nosal@hawaii.edu
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enclosure—and leads to a better understanding of the fac
involved in acoustical radiosity predictions.

Similarly, little effort has previously been put into th
comparison of acoustical radiosity to other prediction me
ods. Work by Le Bot and Bocquillet,9 in which radiosity and
ray tracing are compared, focuses only on steady-s
sound-pressure levels. Further comparison of the two pre
tion techniques is another objective of this research. To
so, predictions are made for the four cubic enclosures us
RAYCUB, a ray-tracing model that can account for diffu
reflection, and are compared to the predictions made
acoustical radiosity. Acoustical radiosity and ray tracing w
diffuse reflection are expected to give identical predictions
limiting cases.9

II. PARAMETERS, ECHOGRAMS, AND DISCRETIZED
ECHOGRAMS

Listener perception of a sound field is affected by tw
main attributes of the field. The first is the arrival time a
strength of the direct signal and the first-order reflectio
Differences between sound fields with respect to these re
tions can be seen by comparing echograms—perhaps
most fundamental and detailed method of comparison. T
comparison reveals information about the prominent refl
tions and other fine details about the distribution of energy
time.

The other perceptible attribute of the field is the temp
ral distribution of energy. It is difficult to get information
about this distribution by comparison of echograms, so ot

y,
,
l:
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methods of comparison must be used. One method is to c
pare room-acoustical parameters, most of which are m
sures of energy distribution~for example, clarity and
definition10 are defined by ratios of early and late energie!.
Parameters used for comparisons in this paper are so
pressure level (Lp), center time ~TS!, early decay time
~EDT!, reverberation time~RT!, clarity (C80), and definition
(D50).

10 They have been well correlated with listen
perception.11 Nevertheless, much information about the ex
distribution of energy is lost to the parameters, since they
not highly sensitive to subtle changes in energy distributi

To enable comparison of such changes, ‘‘echogram
cretization’’ is used in this research as a way to compare t
energy levels within small time steps. The idea is ve
simple: time is discretized, and all energy arriving betwe
points of discretization is summed to give the total energy
the corresponding time step~a similar method of compariso
has previously been used by Suhet al.12!. Obviously, the
resolution used in the echogram discretization must
coarser than the time resolution used in the radiosity a
rithm ~or, in the case of measurements, the inverse of
sampling frequency!. Note that using a longer time interva
in the radiosity algorithm is not equivalent to using a sm
time interval in radiosity and then using the longer interval
the discretization of the echogram. We have chosen to
discretized echograms with 50-ms time steps. The resolu
is somewhat arbitrary~not corresponding to perceptual issu
or otherwise!, and was chosen since it provided a substan
but not overwhelming, amount of information. In the cas
considered, the use of smaller or larger time steps gave s
lar results and led to similar conclusions.

III. RADIOSITY PREDICTIONS

A. Preliminary remarks

The radiosity algorithm was run numerous times for fo
cubic rooms. Each cube had walls 8 m long, and an averag
absorption coefficient of 1/6. The absorption was distribu
as indicated in Table I.

Predictions were made, varying:~1! the number of
patches~only a single-level hierarchy was applied!; ~2! the
resolution of the time discretization;~3! the length of time
for which exact and approximate predictions are made;
~4! the form-factor prediction method. The effect of the var
ing distribution of absorption~among the four cubes! was
investigated using the results, and comparisons were m
with predictions by ray tracing. For each prediction, t
source was at the center of the cube and had power of 0
W. The receiver was located inside the enclosure 2 m from
the floor, the front wall, and a sidewall, respectively~by sym-

TABLE I. Distribution of absorption in the cubic rooms. In all cases,ā
51/6.

Cube Distribution of absorption

1 a5
1
6 over all walls

2 a51 on the floor, 0 on the other walls
3 a5

1
2 on the floor and the ceiling, 0 on the other walls

4 a5
1
2 on the floor and the front wall, 0 on the other walls
3506 J. Acoust. Soc. Am., Vol. 116, No. 6, December 2004
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metry of the configurations, which sidewall does not matte!.
Air absorption was neglected throughout—in the way tha
is incorporated, it has no effect on convergence.

B. Patch size

1. Specifications

The numerical solution is based on a discretization
the boundary. This results in discretization error, whi
should be reduced as the resolution of the meshing is
creased. In particular, as the resolution increases, the num
cal solution approaches the analytical solution. To minim
computational requirements, it is desirable to minimize
number of patches used in the discretization.

For each cube, the radiosity algorithm was run ten tim
with an increasing number of patches. The first prediction
each cube had each wall as a single patch, giving a tota
six patches. For the second prediction, each wall was divi
into four equally sized, rectangular patches, giving
patches in total. The third prediction had nine patches
each wall for a total of 54 patches, the fourth had 16 givi
96 in total, and so on~in general, thenth prediction hadn2

patches on each wall and 6n2 patches in total!.
The predictions were made with a discretization per

of Dt51/24 000 s. This was chosen based on initial pred
tions that indicated that there is almost no variation in roo
acoustical parameter predictions if time is discretized m
finely thanDt51/18 000 s. Form factors were found usin
the analytical formulas given by Grosset al.13

In the methods used here,1 predictions are made usin
the exact radiosity algorithm for time steps up totexact. For
time steps betweentexactandtfinal , which is the last time step
for which predictions are made, radiation densities are e
mated using an averaging technique.1

texact and tfinal were set to 0.8 and 1.0 s, respective
based on a criterion developed by Nosal.14 The criterion
guarantees that the reverberation time predicted from
truncated impulse response is withine of the reverberation
time that would be obtained from the full impulse respon
provided that truncation of the full impulse response occ
at a time greater thantmin(e,RT), where

tmin~e,RT!5
RT

6 ln~10!

3 lnF11
~1023e@3 ln~10!e#/RT!21

10235/1021025/10~1023e@3 ln~10!e#/RT!
G , ~1!

where RT is the reverberation time for the full response.
To apply the criterion, exponential decay was assum

Miles6 showed that, in general, the decay curves predic
using the integral equation are strictly exponential after so
time. Consequently, even though the first part of the so
decay is not exponential, the assumption of exponential
cay along the entire curve may not be unreasonable in
application. Then, according to Eying’s classical formula
reverberation time10
Nosal et al.: Acoustical radiosity comparison



FIG. 1. Echograms for cube 1 from
radiosity predictions with~a! 24; ~b!
54; ~c! 150; and~d! 600 patches (Dt
51/24 000, texact50.8 s, and tfinal

51.0 s).
g
,

T

o
e
iv
d
e

t,
e
th
t i

g
su
oo

uld
er

es
ns
des

ith
re-
00
evi-
the
at
.35
o-

rams
ore
for
tes

m-
lues
es.

hes
pre-

rs.
RT5
24V ln~10!

c~4mV2S ln~12ā !!
'0.161

V

4mV2S ln~12ā !
. ~2!

The RTs in the cubic rooms should be 1.1782 s@in Eq. ~2!,
V, S, and ā are room volume, surface area, and avera
absorption coefficient, respectively,c is the speed of sound
andm is the air absorption coefficient#. Although this rever-
beration time may not be perfectly accurate~due to the lim-
iting diffuse-field assumption made by Eyring15!, it can be
taken as an initial estimate for use in Eq.~1!. If it is desired
to predict RT to within 0.01 s of the full impulse response R
~which represents very high accuracy! then, according to this
equation, the requiredtfinal is given by

tfinal>tmin~0.01,1.1782!50.9264 s. ~3!

tfinal51.0 was chosen correspondingly, andtexact was chosen
to be quite close totfinal ~since the effects of varyingtexact

were unknown!.

2. Convergence

Figure 1 shows the echograms for cube 1 obtained fr
predictions with 24, 54, 150, and 600 patches, respectiv
As the meshing is refined, the energy arriving at the rece
is spread out in time, with fewer distinct reflections. Indee
the echogram for 600 patches has none of the promin
large peaks that the echogram for 24 patches has~apart from
the direct signal!. An explanation for this observation is tha
with a finer meshing, the energy leaving a patch is divid
into more parts to propagate to the other patches, so
large units of energy are quickly dissipated. This is wha
expected in a room with diffusely reflecting boundaries.

In a real room, with partially specularly reflectin
boundaries, some distinct reflections would be expected,
gesting that fewer patches may yield echograms that l
J. Acoust. Soc. Am., Vol. 116, No. 6, December 2004
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more similar to measured echograms. However, this sho
not be interpreted as meaning that predictions with few
patches yield more realistic predictions. The arrival tim
and amplitudes of the distinct reflections in such predictio
are unrealistic and do not correspond to times and amplitu
that would result from specular reflection.

Figure 2 shows a discretized echogram for cube 1 w
time intervals of 0.05 s. For each time interval, the pressu
squared sums for predictions with 6, 54, 150, and 6
patches, respectively, are plotted. From the graphs, it is
dent that more patches tend to result in more energy in
very early time steps, with levels becoming more uniform
about 0.15 s. This trend reverses itself from about 0.2 to 0
s, after which energy levels are very similar. The most n
ticeable changes in the echograms and discretized echog
occur for predictions with less than 150 patches. For m
than 150 patches, there is less change, with predictions
150 patches similar to those for 600 patches. This indica
that 150 patches are sufficient for accurate predictions.

In Table II, the predicted values of the various para
eters are given for varying numbers of patches. These va
are for cube 1; the trends are very similar for all four cub
Each of the parameters considered (Lp , C80, D50, EDT, RT,
and TS! converges to a finite value as the number of patc
increases. The percent difference between consecutive
dictions decreases with increasing number of patches@here,
consecutive means between thenth and the (n11)th predic-
tion, with 6n2 and 6(n11)2 patches, respectively#. This
suggests convergence by the ratio test.16 The validation of
the numerical solution for the sphere1 provides confidence
that the numerical solution does indeed converge~with in-
creasing number of patches! to the analytical solution to the
integral equation.

C80 is the slowest to converge of all the paramete
3507Nosal et al.: Acoustical radiosity comparison
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However, even in the case where it is slowest to conve
~cube 1!, the differences between the fifth and sixth pred
tions ofC80 are less than 1%. In fact, all of the other para
eters~in all cubes! have differences less than 1% between
third and fourth predictions. Indeed, a fine subdivision of
enclosure is not necessary in these trials, and 150 patche
sufficient for good predictions, as in the echograms. Wo
noting is that the differences between theLp’s for the first
and second prediction is less than 1%~in all cubes!. This
suggests that~in a cubic room! radiosity can be used with
very coarse subdivision~one patch per wall in this case! to
predict steady-state sound-pressure levels in rooms with
fusely reflecting boundaries, even with nonuniformly distr
uted absorption.

It is important to realize that required patch size does
depend on the frequency of the sound that is being con
ered. This is due to the fact that phase is not accounted fo
radiosity. Indeed, the integral equation is the same for
frequency, except for the values of absorption coefficie
and air absorption exponents; consequently, convergenc

TABLE II. Parameter predictions with varying number of patches for cu
1 (Dt51/24 000,texact50.8 s, andtfinal51.0 s).

Number of
patches

Lp

~dB!
C80

~dB!
D50

~%!
EDT
~s!

RT
~s!

TS
~ms!

6 84.83 1.60 43.29 1.35 1.42 102.93
24 84.82 1.85 45.04 1.27 1.23 97.16
54 84.83 1.92 45.43 1.24 1.21 95.95
96 84.85 2.97 45.74 1.23 1.20 95.02

150 84.86 2.00 45.87 1.23 1.20 94.67
216 84.86 2.02 46.98 1.22 1.19 94.42
294 84.86 2.04 46.04 1.22 1.19 94.28
384 84.86 2.05 46.14 1.22 1.19 94.17
486 84.87 2.06 46.18 1.22 1.19 94.11
600 84.87 2.06 46.20 1.22 1.19 94.07
3508 J. Acoust. Soc. Am., Vol. 116, No. 6, December 2004
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the numerical solution to the analytical solution is not fr
quency dependent~apart from changes in convergence wi
varying absorption!. Convergence of the numerical solutio
to the analytical solution is not to be confused with conv
gence to the true solution~the solution that would be ob
tained in a real room!. It is possible that the analytical solu
tion to the integral equation~which is the converged
numerical solution! is closer to the true solution at highe
frequencies, because phase effects are less significa
these frequencies. The phase independence of radio
might also help to explain the adequacy of a coarse subd
sion of the enclosure surfaces. Still, it is important to ke
the relationship between patch size and the wavelength
sound being considered in mind when working with aco
tical radiosity.

3. Absorption distribution

It is of interest to use predictions made for the fo
different cubes to investigate the effect of different distrib
tions of absorption. As mentioned above, the average abs
tion coefficient in each cube was 1/6. Refer to Table III f
the predicted parameters~from the run with 150 patches!.

RT is longest in cube 1, with uniform absorption, an
shortest in cube 2, which has absorption on the floor. T

TABLE III. Parameter predictions for the four cubic rooms~150 patches,
Dt51/24 000,texact50.8 s, andtfinal51.0 s).

Cube
Lp

~dB!
C80

~dB!
D50

~%!
EDT
~s!

RT
~s!

TS
~ms!

1 84.86 2.00 45.87 1.23 1.20 94.67
2 84.99 2.85 49.88 1.08 1.06 84.5
3 84.63 2.39 47.83 1.17 1.16 89.7
4 84.67 2.35 47.58 1.17 1.16 90.2
Nosal et al.: Acoustical radiosity comparison
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13% difference in RT in these cubes indicates that absorp
distribution has a significant effect on RT. Following a line
reasoning set forward by Schroeder and Hackman,8 cube 2
has the lowest RT because the absorbent surface ‘‘sees’’
reflective surfaces. In the other cubes, the absorbing surf
see surfaces that absorb some of the sound, so they re
lower sound energy than they would from reflecting surfac
In cube 1, no surfaces are fully reflecting, so that absorb
surfaces see only other absorbing surfaces, resulting
lower decay rate and higher RT. Since the absorbing surfa
in cubes 3 and 4 see both reflecting and absorbing surfa
the RTs are between those in cube 1 and cube 4.

Lp’s are very similar~within 0.4 dB! for all four enclo-
sures. Predicted values ofC80 andD50, which are lower for
cube 1 and higher for cube 4, are consistent with the pre
tions of RT. For higher RTs, lowerC80 and D50 values are
expected, because a slower decay rate means more lat
ergy, giving lower early-to-late energy ratios. Similarl
higher and lower TSs for cubes 1 and 4, respectively,
consistent with the RT results.

4. Computational efficiency

Experimental data suggest that radiosity, in a sing
level hierarchy, is associated with a computational time co
plexity of ordern2, wheren is the number of patches. Thi
can be explained theoretically as follows. At each time st
and for each element, (n21) elements must be considered
the calculations. Since there aren elements in total, this
givesn•(n21) calculations for each time step, giving a tim
complexity of ordern2. For a two-level hierarchy withn
elements andm patches, we expect a complexity of ord
m•n.

Also suggested by experimental data is a memory co
plexity of order n; the memory requirement increases li
early with the number of patches. Once again, this ma
sense theoretically because, for each element, radiation
sities must be computed for all time steps, so that there
alwaysn•~number of time steps! values to be stored.

Refer to Fig. 3 for plots of elapsed time versus numb
of patches, and for memory requirement versus numbe
patches. The run times and memory requirements are
predictions for cube 2~and are similar for the other cubes!. A
Pentium IV 2.2-GHz PC was used for these predictions.

C. Time resolution

First, it should be recognized that the nature of tim
resolution in the radiosity algorithm is quite different fro
sampling periods used in digital systems and in experim
tation. The radiosity algorithm does not simply sample
response everyDt seconds, whereDt is the discretization
period. Rather, energy within a time interval is summed
give the energy level for the corresponding time step. Al
phase is neglected in radiosity, so signal frequency does
affect the algorithm~as discussed above!. Previous authors
have referred to Nyquist’s and Shannon’s theorems, claim
that, by these theorems, a discretization frequency (1/Dt) of
J. Acoust. Soc. Am., Vol. 116, No. 6, December 2004
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at least twice the maximum signal frequency is sufficie
Because it is not clear if the application of these theorem
appropriate, they are not used here.

On the other hand, the Courant number criterion is
plicable here. The Courant number17 can be expressed a
cDt/Dxmin , whereDxmin is the minimum distance betwee
patches. To satisfy the Courant number criterion, this num
must be less than 1; if the Courant number is too large, t
the time resolution must be refined to satisfy the criterio
This ensures that the distance traveled in one time step is
more than the distance between patches. In all investigat
performed in this research, the Courant number criterion
satisfied by default~time resolution is fine enough!.

To investigate the effect of resolution, further predi
tions were made for all cubes, with discretization periods
Dt51/16 000, 1/12 000, 1/8000/, 1/4000, 1/2000, and 1/10
s ~recall that the initial predictions hadDt51/24 000). For
these predictions, 600 patches were used to mesh the c
Once again,texact and tfinal were set to 0.8 and 1.0 s, respe
tively.

Several echograms for cube 1 are given in Fig.
Echograms for the different resolutions look quite simil
Already for Dt51/2000, the distinct early signals are in th
same place, and of the same amplitude, as the ones foDt
51/24 000. The overall amplitudes of the signals in the la
parts of the echogram are lower for a finer time resolution
expected—smaller time steps result in more time steps, e
with less energy. From this, it might be concluded that d
cretization periods ofDt51/4000 are sufficient, and that a
ready atDt51/2000, reasonable results are obtained.

Discretized echograms for the different time resolutio
are almost identical. There tends to be slightly more ene
in the early time steps for finer resolutions. This tenden

FIG. 3. Variation of~a! elapsed time; and~b! memory requirement with
number of patches for cube 2 (Dt51/24 000,texact50.8 s, andtfinal51.0 s).
3509Nosal et al.: Acoustical radiosity comparison
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FIG. 4. Echograms for cube 1 with
four time resolutions Dt: ~a! Dt
51/1000 s; ~b! Dt51/2000 s; ~c! Dt
51/8000 s; ~d! Dt51/24 000 s ~600
patches,texact50.8 s, andtfinal51.0 s,
range reduced to cut off the direct sig
nal, which is the same for all predic
tions!.
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reverses for later time steps~after about 0.2 s!. Interestingly,
this is a similar trend to that for varying patch discretizatio
Nevertheless, the differences for the varying time resoluti
are, for all practical purposes, negligible.

Values for the various parameters versus 1/Dt are given
in Table IV. The values are for cube 4, which has the m
significant differences in parameters for different resolutio
Trends for the other cubes are very similar. As is the case
varying patch sizes, the parameter predictions converge
finer resolution.Lp is unaffected by discretization period
This is expected, because different time resolutions do
alter the total energy in the system; they only distribute
differently in time. Values ofC80, D50, and TS change mini-
mally for the different discretizations~differences between
predictions withDt51/1000 andDt51/24 000 are less tha
1%!. The most significant changes are for EDT and RT. Ev
for these parameters, however, predictions forDt51/2000
are within 1% of predictions forDt51/4000, and the differ-
ences for predictions forDt51/4000 andDt51/24 000 are
less than 1%. As with the echograms, this suggests that
cretization periods ofDt51/4000 are sufficient for accurat
predictions.

TABLE IV. Parameter predictions with varying 1/Dt for cube 4 ~150
patches,texact50.8 s, andtfinal51.0 s).

1/Dt
~s21!

Lp

~dB!
C80

~dB!
D50

~%!
EDT
~s!

RT
~s!

TS
~ms!

1 000 84.67 2.31 47.86 1.20 1.20 91.21
2 000 84.67 2.32 47.66 1.19 1.19 90.69
4 000 84.67 2.33 47.57 1.18 1.18 90.45
8 000 84.67 2.33 47.53 1.18 1.17 90.30

12 000 84.67 2.35 47.62 1.18 1.16 90.20
16 000 84.67 2.35 47.58 1.17 1.16 90.20
24 000 84.67 2.35 47.58 1.17 1.16 90.20
3510 J. Acoust. Soc. Am., Vol. 116, No. 6, December 2004
.
s

t
.

or
ith

ot
t

n

is-

Both time complexity and memory requirements are
the order 1/Dt, as expected. Figure 5 shows elapsed ti
versus 1/Dt, and memory requirement versus 1/Dt, for the
predictions for cube 1. Once again, the computer was a P
tium IV 2.2-GHz PC.

FIG. 5. Variation of~a! elapsed time; and~b! memory requirement with
discretization frequency 1/Dt for cube 1 ~150 patches,texact50.8 s, and
tfinal51.0 s).
Nosal et al.: Acoustical radiosity comparison
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D. Time limits

It was shown@Eq. ~3!# that, to get accurate prediction
of RT, the impulse response must be predicted to at le
tfinal50.93 s. Although this gives an idea of what value
tfinal to use in predictions, it is still not known what timetexact

is required. It is also of interest to investigate the effect
changing tfinal in the predictions to verify thattfinalmin

50.93 s. To do so, predictions were made for the cubes, w
varying tfinal and texact. In this investigation, 150 patche
were used withDt51/12 000.

First, as an ‘‘exact’’ case, a prediction was made us
tfinal52 s andtexact51.4 s. This was confirmed as the limit t
which predictions converge with increasing time limits; the
was no change~up to four decimal places! in parameter pre-
dictions between this case and predictions withtfinal.2 s
and/ortexact.1.4 s.

For the first set of predictions,tfinal was held constant a
2 s whiletexactwas varied~between 0.05 and 1.4 s!. In Table
V, the parameter predictions for cube 1 are given for vary
texact. From these predictions, it is clear that RT is the p
rameter most sensitive to changes intexact. Still, in all cubes,
the RT prediction withtexact50.6 s is different from the exac
answer by less than 1%. For all other parameters,texact

50.1 s is sufficient for the same accuracy~at this exact time
limit, RT predictions differ by less that 5%!.

To investigate the effect oftfinal , another set of predic
tions held texact constant and variedtfinal . Table VI gives
predictions of the parameters withtexact50.6 s and varying
tfinal . Predictions do not change significantly astfinal is in-

TABLE V. Parameter predictions with varyingtexact~s) for cube 1 (tfinal

52 s, 150 patches,Dt51/12 000).

texact

~s!
Lp

~dB!
C80

~dB!
D50

~%!
EDT
~s!

RT
~s!

TS
~ms!

0.05 84.85 1.88 45.89 1.21 1.16 93.75
0.1 84.85 2.00 45.88 1.22 1.16 94.13
0.2 84.86 2.00 45.87 1.23 1.17 94.49
0.3 84.86 2.00 45.87 1.23 1.18 94.61
0.4 84.86 2.00 45.87 1.23 1.19 94.65
0.6 84.86 2.00 45.87 1.23 1.20 94.67
0.8 84.86 2.00 45.87 1.23 1.20 94.67
1.0 84.86 2.00 45.87 1.23 1.20 94.69
1.2 84.86 2.00 45.87 1.23 1.21 94.69
1.4 84.86 2.00 45.87 1.23 1.21 94.69

TABLE VI. Parameters predictions with varyingtfinal ~s) for cube 1 (texact

50.6 s, 150 patches,Dt51/12 000).

tfinal

~s!
Lp

~dB!
C80

~dB!
D50

~%!
EDT
~s!

RT
~s!

TS
~ms!

0.7 84.85 2.00 45.92 1.23 1.16 94.46
0.8 84.86 2.00 45.91 1.23 1.19 94.60
0.9 84.86 2.00 45.91 1.23 1.20 94.66
1.0 84.86 2.00 45.91 1.23 1.20 94.69
1.1 84.86 2.00 45.91 1.23 1.20 94.69
1.2 84.86 2.00 45.90 1.23 1.20 94.69
1.3 84.86 2.00 45.90 1.23 1.20 94.69
1.5 84.86 2.00 45.90 1.23 1.21 94.69
1.6 84.86 2.00 45.90 1.23 1.21 94.69
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creased beyond 1 s. This is consistent with Eq.~1!. Indeed,
the prediction withtexact50.6 s andtfinal51.0 s puts all pa-
rameter predictions within 1% of the values for the exa
case, for all cubes.

E. Form factors

As outlined in Nosalet al.,1 HELIOSFF ~Ref. 18! was
used to find form factors for arbitrary polyhedral rooms.HE-

LIOSFF approximates the form factors by configuration fa
tors; integrals are taken from one point on a patch, rat
than from all points on the patch, to the second patch.
this reason, it is necessary to check that the use of these
factors does not significantly affect predictions. To do
predictions were made for all four cubes under the sa
conditions as those outlined in Sec. B, using form fact
given by HELIOSFF instead of the analytical values. In a
cases, the parameters other thanC80 are within 1% of those
found using analytical form factors~in Sec. B! for the mesh-
ing with 96 patches.C80 is within 1% of the analytical form
factor predictions for 150 patches. Echograms and d
cretized echograms are also very similar to those predicte
Sec. B. It was concluded that approximations made in
determination of form factors byHELIOSFF do not signifi-
cantly affect predictions, particularly when a reasonably fi
~150 patches or more, in this case! meshing of the enclosure
is used.

IV. RAY TRACING

A. Diffuse ray tracing with RAYCUB

Having established some understanding of, and co
dence in, the acoustical radiosity prediction results for
cubic enclosures, predictions can be compared to ray-tra
predictions for the case of diffuse surface reflection, as
sumed by radiosity. The ray-tracing model used for this co
parison ~RAYCUB! was developed by Ondet and Barbry;19

modifications were made to predict echograms and acou
cal parameters, and to account for diffuse reflections as
scribed by Kuttruff.20 RAYCUB allows the user to input rel-
evant room characteristics~room dimensions, source/receive
positions, absorption coefficients, air-absorption exponen!.
Also input are the size of the receiver~a cube of finite vol-
ume!, the number of rays to be traced, the number of
trajectories, and the sampling rate~fixing the echogram time-
bin size!, as well as a seed number~to initialize the random
number generator!. To account for diffuse reflection, two
random numbers are selected to determine the directio
the reflected ray. The first number is chosen in the inter
~2p,p! to define the azimuthal angle of the reflected ra
The polar angle of the reflected ray is defined by the a
cosine of the square root of the second number, chosen in
interval ~0,1!. Details about this method can be found
Kuttruff.20

B. Comparisons

The ray-tracing model was used to predict t
echograms for the four cubic rooms. To ensure high pre
3511Nosal et al.: Acoustical radiosity comparison
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FIG. 6. Echograms for cube 1 pre
dicted by~a! radiosity; ~b! ray tracing
with 1 million rays; ~c! ray tracing
with 50 million rays; ~d! ray tracing
with 1 million rays averaged over 64
runs. Radiosity: 600 patches,Dt
51/24 000, texact50.8 s, and tfinal

51.0 s. Ray tracing: diffuse reflection
500 reflections, 24 kHz,~0.1 m!3 re-
ceiver. Range reduced to cut off th
direct signal to show detail.
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sion, a million rays were traced for 500 reflections at a sa
pling frequency of 24 kHz. The receiver was a cubic c
with side lengths of 0.1 m.

Echograms obtained by radiosity~with 600 patches and
Dt51/24 000) and ray tracing for cube 1 are shown in Fi
6~a! and 6~b! ~echograms for the other cubes are simila!.
The echograms are clearly quite different; the echogram
ray tracing has more peaks than the radiosity echogram
seems that radiosity smears the energy in time more than
tracing with diffuse reflection.

When the discretized echograms are compared, s
differences in the distribution of energy is apparent for
cubes ~Fig. 7 shows the discretized echogram for cu
3—the other cubes showed similar trends!. In general, it can
be observed that total energy levels are higher for radiosit
3512 J. Acoust. Soc. Am., Vol. 116, No. 6, December 2004
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very early time steps~before 200 ms!, and that levels become
more similar in later time steps. This suggests, as did ob
vation of the echograms, that radiosity tends to smear~or
diffuse! energy faster than ray tracing with diffuse reflectio

Values of the parameter predictions for the cubes
given in Table VII~a!. In general, ray tracing with diffuse
reflection gives predictions quite similar to predictions
radiosity ~see Table III!. The parameter that exhibits th
greatest difference between predictions isC80; differences
for these parameters never exceed 16%. RT, EDT, TS,
D50 predictions are all within 8%. Radiosity predictions fo
Lp are all within 2% of ray-tracing predictions. Note that, f
the cubic enclosures, ray-tracing predictions ofLp are con-
sistently lower than predictions by radiosity.
Nosal et al.: Acoustical radiosity comparison



rs
r

th
ed

y
en
a
d
ai

t
e
ed

nd
s

he

e
m
ng
m

in

.
b

ld
th
a
n
-
be
if
n
e
ks
as
er
th

zed
ays,
i-
in

r of

me

k
,
he
be
re-
c-
ds
ren-
ch
ely
ro-
. A
rep-
acti-
ng

ns,
as
ns.

e
t the
als
lost

gen-
nce
i-

hat
or
om
ent

of
r to

ade
i-
sal
dis-
pre-
d
by

lo-
e a
if-

ns

s

C. Discussion

The differences in the predictions of the paramete
echograms, and discretized echograms for radiosity and
tracing with diffuse reflection are likely a consequence of
different manner in which diffuse reflection is incorporat
in the models. Indeed, a diffusely reflected ray inRAYCUB is
not scattered in all directions~as it is in radiosity! but only in
one random direction. Consequently, the energy of the ra
not broken into many parts. Rays with high amounts of
ergy retain the energy, resulting in peaks in the echogram
less smearing of energy. In radiosity, all energy is imme
ately scattered, so that no larger ‘‘bundles’’ of energy rem
intact to propagate through the system to cause peaks in
echogram. Also, because of this scattering in radiosity,
ergy is quickly smeared in time, giving different discretiz
echograms and parameter predictions.

Still, in the limiting cases~with infinitely many rays
traced indefinitely with a point receiver in ray tracing, a
with infinitely many patches and continuous time in radio
ity! the two methods should be equivalent.9 It was, therefore,
surprising to find such big differences, particularly in t
echograms~where the difference is most pronounced!. Sev-
eral attempts were made to investigate this, including p
forming further predictions with finer meshing of the roo
surfaces in radiosity, and further predictions with ray traci
Increasing the number of patches did not improve the co
parison but, as the number of rays increased in ray trac
the echograms became more similar. Echograms from
simulation for cube 1 with 50 million rays is shown in Fig
6~c!, and parameter predictions for cube 1 are given in Ta
VII ~b!.

To check for noise artifacts in ray tracing, which cou
be the source of the problem, the number of rays hitting
receiver in the ray-tracing simulations was recorded. It w
approximately 18 000 for 1 million rays, 178 860 for a ru
with 10 million rays, and 902 014 for 50 million rays. In
deed, the number of hits increased linearly with the num
of rays. When the ray-tracing model was run again with d
ferent initialization numbers, the echograms were differe
indicating that the solution may not have converged. C
tainly, the echogram for the case of 50 million rays loo
more similar to the radiosity echogram than that for the c
of 1 million rays—some of the most predominant peaks w
reduced in amplitude. Still, it cannot be concluded that

TABLE VII. Parameter predictions by ray tracing for the four cubic room
with ~a! 1 million rays;~b! 50 million rays;~c! average over 64 runs with 1
million rays @diffuse reflection, 500 reflections, 24 kHz,~0.1 m!3 receiver#.

Cube
Lp

~dB!
C80

~dB!
D50

~%!
EDT
~s!

RT
~s!

TS
~ms!

~a! 1 84.58 2.15 46.23 1.21 1.24 92.89
2 83.29 2.45 46.41 1.03 1.09 86.41
3 83.95 2.24 47.97 1.26 1.18 92.91
4 83.86 2.31 46.46 1.15 1.13 91.82

~b! 1 84.57 1.98 46.89 1.22 1.22 93.71
~c! 1 84.57 2.02 45.87 1.22 1.23 94.50

2 83.45 2.83 49.69 1.13 0.98 84.95
3 84.31 2.31 46.24 1.18 1.16 91.38
4 83.84 2.24 46.80 1.18 1.18 91.31
J. Acoust. Soc. Am., Vol. 116, No. 6, December 2004
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two methods give similar echograms. Predicted discreti
echograms also changed with increasing numbers of r
but those for ray tracing with 50 million rays were not obv
ously closer to radiosity than those with fewer rays. Errors
parameter values did not improve with increasing numbe
rays.

It would be of interest to runRAYCUB for an even larger
number of rays. This could not be done because of ti
constraints~the run with 10 million rays took 15 h on a
Pentium III 500-MHz PC; the one with 50 million rays too
80 h on a Pentium 4 2.2-GHz PC!. There is a possibility that
with many more rays, ray tracing would converge to t
radiosity solution. If this were the case, then it could
concluded that radiosity presents a more efficient way to p
dict the details of echograms for rooms with diffuse refle
tion ~the run for radiosity took about 5 h, and only secon
for changing receiver positions once the enclosure was
dered!. It may also be the case, however, that, with a mu
finer meshing, radiosity echogram predictions more clos
resemble ray-tracing predictions. Very long run times p
hibit an exhaustive investigation of the issue at this time
possible conclusion is that the presented results may not
resent converged solutions, but that they do represent pr
cal limits in the algorithms used and in current computi
capabilities.

A second idea was to average many ray-tracing ru
each with a different random initialization number. This w
done for all cubes with 1 million rays averaged over 64 ru
The resulting echogram for cube 1 is shown in Fig. 6~d!, and
parameter predictions are given in Table VII~c!. The tail ~af-
ter about 0.05 s! of the echogram looks more similar to th
radiosity echogram than the nonaveraged echogram, bu
early part is missing some of the more prominent arriv
that are seen in the radiosity echogram—they have been
in the averaging process. Parameter predictions are, in
eral, much closer to radiosity predictions than before. O
again,Lp were consistently lower than predictions by rad
osity.

An alternative approach would be to use a ray tracer t
incorporates diffuse reflection in a different way. It could, f
instance, spawn a hundred or more rays for reflection fr
each diffuse surface, and assign a portion of the incid
ray’s energy~according to Lambert’s cosine law! to each
spawned ray. This approach would likely reduce the noise
the stochastic solution and may give results more simila
the radiosity predictions.

V. CONCLUSION

Several things can be learned from the predictions m
for the four cubic~83838-m! enclosures using the acoust
cal radiosity algorithms and methods developed in No
et al.1 First, the predictions suggest that 150 patches,
cretization periods of 1/4000 s, and impulse responses
dicted exactly for slightly over half of the total predicte
length of the response, where cutoff times are determined
Eq. ~1!, are sufficient for accurate prediction in these enc
sures. Second, different distributions of absorption hav
significant effect on the sound fields in enclosures with d
fusely reflecting boundaries—more uniform distributio
3513Nosal et al.: Acoustical radiosity comparison
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lead to slower decays~hence longer reverberation time
higher center times, and lower clarities and definition!.
Moreover, computational time complexity increases as
square of the number of patches, while memory comple
increases linearly with the number of patches. Both time
memory complexity are inversely proportional to time res
lution. Furthermore, estimation of form factors by way
configuration factors~such as those predicted byHELIOSFF!
does not significantly affect prediction accuracy. In gene
radiosity smears energy in time, and eliminates any str
reflections from the echogram. This may make it insufficie
for realistic rendering~auralization! of sound fields, in which
strong signals have considerable effect on listener per
tion.

Although not expected, significant differences betwe
radiosity and diffuse ray-tracing echogram predictions w
found. There is reason to believe that the ray-tracing pre
tions had not converged for 1 million rays, or even for
million rays, and that echograms for radiosity and ray trac
would look more similar for converged predictions. Ra
tracing predictions averaged over 64 runs had more simi
ties in the late decay and in parameter predictions. Lim
tions of the algorithms, and of current computin
capabilities, may be the restrictive factor for a perfect co
parison.

Despite the differences in the detailed echograms,
discretized echograms predicted by radiosity are simila
those predicted by ray tracing, as are parameter predicti
In the case of the cubic enclosures considered in this
search, these are within 16% forC80, 8% for RT, EDT, TS,
andD50, and 2% forLp .

The question of why radiosity and ray tracing pred
different echograms is of immediate interest to future
search in acoustical radiosity. Ideally, further simulatio
would be run, for a sufficiently large number of rays in r
tracing and, possibly, for a very fine meshing of the enc
sure for radiosity. In addition, it would be interesting to loo
further into the conditions for convergence of acoustical
diosity and to do further comparisons to ray tracing
possibly for noncubic, and even nonrectangular enclosu
Beyond this, comparisons of radiosity predictions~and those
by ray tracing for various surface-reflection laws! to mea-
surements made in real rooms are needed to validate
methods.
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