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This paper explores acoustical~or time-dependent! radiosity—a geometrical-acoustics sound-field
prediction method that assumes diffuse surface reflection. The literature of acoustical radiosity is
briefly reviewed and the advantages and disadvantages of the method are discussed. A discrete form
of the integral equation that results from meshing the enclosure boundaries into patches is presented
and used in a discrete-time algorithm. Furthermore, an averaging technique is used to reduce
computational requirements. To generalize to nonrectangular rooms, a spherical-triangle method is
proposed as a means of evaluating the integrals over solid angles that appear in the discrete form of
the integral equation. The evaluation of form factors, which also appear in the numerical solution,
is discussed for rectangular and nonrectangular rooms. This algorithm and associated methods are
validated by comparison of the steady-state predictions for a spherical enclosure to analytical
solutions. © 2004 Acoustical Society of America.@DOI: 10.1121/1.1772400#
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I. INTRODUCTION

Room acousticians have been attempting to unders
and predict the behavior of sound in rooms for hundreds
years. The prediction of sound fields in enclosures is nee
for design purposes, such as the optimization of classro
and lecture halls for intelligibility, of concert halls, recordin
studios, and theatres for sound quality, of workrooms
minimized noise levels, of offices for privacy, and so o
Moreover, as computer simulations become increasin
popular for entertainment and training purposes, fast and
curate room-acoustical modeling techniques are required

One approach to room acoustics is through geometri
acoustics models, in which sound waves are replaced
sound rays.1,2 As many important perceptual effects main
involve middle to high frequencies~where geometrical-
acoustics models are accurate! such models have been use
extensively in room acoustics over the past 40 years. T
paper explores a geometrical-acoustics method known
acoustical radiosity~AR!. The method assumes perfect
lambertian-diffuse reflection from all surfaces of the enc
sure. AR has been called various names, including the i
gral equation method,2 radiant exchange,3 and an intensity-
based boundary element method.4 The name ‘‘acoustica
radiosity’’ is taken from a similar~time-independent! tech-
nique used in computer graphics, where it is simply cal
radiosity.5–7
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Kuttruff derived the governing integral equation for A
in the early 1970s.2,8,9 Analytical solutions for the integra
equation exist for spheres10–13 and for infinitely long, flat
enclosures2,14 ~in which side walls are neglected!. In general,
however, the equation must be solved numerically.

Several papers outline and/or make use of a numer
solution to the integral equation. In 1984, Miles15 gave a
detailed account of his iterative solution for both steady-st
and time-varying sources in rectangular enclosures. In 19
Lewers3 used AR to model the diffuse reverberant tail of t
impulse response in a hybrid model. Shi, Zhang, Encarna¸ão,
and Göbel,16 outlined an algorithm for AR, but few details o
results were given. More recently, Le Bot and Bocquillet17

compared steady-state sound-level predictions from AR
predictions from ray tracing, and Kang18 used AR to inves-
tigate the propagation of sound in long enclosures with d
fusely reflecting boundaries.

Despite these developments and the potential of A
relatively little attention has been given to the techniqu
Reasons for this likely include the limiting assumption
diffuse reflection and high computational costs. As discus
in this paper, neither assumption is unreasona
restrictive—AR deserves further attention. In particul
there is a need for a clear, complete exposition of the the
and assumptions behind the method. Moreover, algorith
and methods nonrectangular rooms need to be further de
oped for and incorporated into AR. These should inclu
improvements for efficiency, and the numerical soluti
should be validated. These aspects are the objectives o
present paper.
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II. ASSUMPTIONS, DISADVANTAGES, AND BENEFITS
OF ACOUSTICAL RADIOSITY

Since AR is an energy-based method, phase relat
ships between propagating waves are assumed incoher13

This assumption is usually sufficient, and may be justifi
when the wavelengths are small compared to the dimens
of the room.19 Further simplifications made in this work in
clude reflection coefficients independent of their angle of
cidence, empty convex enclosures, and omni-directio
point sources.

The main assumption of AR is that all boundaries a
diffusely reflecting—that is, reflection is governed by Lam
bert’s law,

I ~u,R!5I ~0,R!cosu, ~1!

whereI (u,R) is the intensity of the sound which is scatter
by a surface element in directionu ~0<u<p/2! from the
surface normal measured at distanceR from the element~this
formulation is different from in other fields, such as com
puter graphics, because of the differences in definition
intensity!. This assumption allows for major simplification
in the development of the model because diffuse reflectio
memoryless. In particular, the way that a ray is reflected
not dependent on the direction from whence it came.

It has been suggested13,20 that the assumption of diffus
reflection is less restrictive than the commonly made
sumption of specular reflection, and it is certainly less
strictive than the assumption of a diffuse field that is s
popular among room acousticians. Further, some chara
istics of the field may not be sensitive to a change fr
specular to diffuse reflection.21,22 AR may be an effective
predictor of such characteristics.

Certainly, it is likely that AR is highly effective in pre
dicting the late part of a decay curve. It has been shown
the conversion of specular energy into diffuse energy is i
versible and that all walls produce some diffuse reflection23

Hence, though the initial reflections in a room may be m
specular than diffuse, most of the energy in the sound de
of a room will involve higher-order, diffuse reflections. In
deed, after several reflections, nearly all energy becomes
fusely reflecting.20

The effectiveness of AR in predicting the late part
decay curves has been shown for spherical12 and
rectangular23 enclosures by comparison of decay curves
rooms with and without diffusely reflecting walls. Thus, h
brid methods that account for the specular component
another method~such as ray-tracing or the method of im
ages! and for the diffuse component by AR may be high
successful in predicting room sound fields. Such a mo
was suggested by Lewers3 and, for rectangular enclosure
by Baines.24

It may be possible to extend AR methods to nondiffu
reflection. Such extensions have been made in comp
graphics for time-independent cases25–27and for a few time-
dependent cases.28,29

Time dependence in AR is one of its limitations, becau
of the high computational costs involved~in other fields,
such as computer graphics, radiosity is time independe!.
Nevertheless, the method is promising, since the costs
J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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incurred only in the initial rendering of a room. In particula
once a room has been rendered for a given source, the
maining computational costs are low enough to enable r
time sound-field simulation for moving receivers. This vie
independence is particularly advantageous for interac
simulations. Furthermore, there are methods to accelerate
initial rendering.28,29

III. ANALYTICAL EQUATIONS

Define radiation density as the rate at which ene
leaves a unit area of surface.~This definition is after
Kuttruff2—other authors use different terms to mean t
same thing. In computer graphics, the term would be e
tance.! To find the radiation density of an infinitesimal wa
element,dS, the individual contributions from all other wal
elements of the enclosure are added up~integrated!. Consider
one such element,dS8. Characterize the locations ofdS and
dS8 by the position vectorsr andr 8. Let R be the length of
the line joiningdS anddS8, and letu andu8 be the angles
between the line and the normals ofdS and dS8, respec-
tively ~R, u andu8 are functions ofr andr 8). Refer to Fig. 1
for the relevant geometry. Denote the radiation density atdS
at time t by B(r ,t). Similarly defineB(r 8,t).

The first step is to findI (u8,R,t), the intensity at timet
of the sound scattered bydS8 in the directionu8 from the
normal todS8 measured at distanceR from dS8. Consider a
hemisphere,H, of radiusR centered overdS8. If no energy is
lost in propagation, the rate of energy incident on this he
sphere at timet from dS8 must equalB(r 8,t2R/c), wherec
is the speed of sound. Thus

B~r 8,t2R/c!dS85E
H

I ~u8,R,t !dS

5I ~0,R,t !E
H

cosu8 dS, ~2!

where the surface integral is overH and the second equalit
follows from Eq.~1!. Evaluation of Eq.~2! yields

FIG. 1. Geometry relevant to the integral equation.
971Nosal et al.: Acoustical radiosity—algorithms and methods
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B~r 8,t2R/c!dS85I ~0,R,t !

3E
0

2pE
0

p/2

R2 sinu8 cosu8 du8 df

5pI ~0,R,t !R2. ~3!

It follows that

I ~u8,R,t !5B~r 8,t2R/c!
cosu8

pR2
e2mRdS8, ~4!

where the terme2mR accounts for air absorption andm is the
air-absorption exponent. IfdS has reflection coefficien
r(r ), it follows that the radiation density ofdS due to
B(r 8,t2R/c) is

BdS8~r ,t2R/c!5r~r !I ~u8,R,t !cosu

5r~r !B~r 8,t2R/c!
cosu cosu8

pR2

3e2mRdS8. ~5!

To get B(r ,t), Eq. ~5! is integrated over all wall element
dS8 and the direct contribution from the source,Bd(r ,t) is
added. This gives

B~r ,t !5
r~r !

p E
S
B~r 8,t2R/c!e2mR

cosu cosu8

R2
dS8

1Bd~r ,t !, ~6!

where S is the surface of the enclosure. For an om
directional source with powerW(t), Bd(r ,t) is given by

Bd~r ,t1Rs /c!5
W~ t !cosus

4pRs
2

r~r !e~2mRs!. ~7!

Here,Rs is the distance between the source and wall elem
r, and the line between the source anddS makes angleus

with the normal todS ~refer once again to Fig. 1 for th
geometry!.

Equation~6! is the governing equation of AR. The inte
gral equation is usually expressed for irradiation density
the rate at which energy is incident on a unit area
surface—instead of for radiation density. The difference l
in the incorporation of the surface-absorption term; wh
irradiation density is used, it lies inside the integral, a
when radiation density is used, it lies outside the integ
The latter results in fewer operations in the final AR alg
rithm.

OnceB(r ,t) is known for allr andt>0, the intensity at
the receiver is found by2,15

I ~r r ,t !5
1

p E
S

B~r ,t2Rr /c!cosu r

Rr
2

e~2mRr ! dS

1I d~r r ,t ! ~8!

with the direct contribution

I d~r r ,t !5
W~ t2Rsr /c!

4pRsr
2

e~2mRsr!, ~9!
972 J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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where r r is the position of the receiver,Rsr is the distance
between the source and the receiver,Rr is the distance be-
tweenr andr r , andu r is the angle between the line joinin
r and r r , and the normal todS. The relevant geometry is
shown in Fig. 2.

Assuming an impulsive sound source simplifies t
above equations by allowing air absorption to be neglec
until the end. First, intensity is found at the receiver witho
air absorption,I 0(r r ,t), wheret50 is the time of generation
of the signal impulse. Then the intensity with air absorptio
I m(r r ,t), is given by

I m~r r ,t !5e2mtcI 0~r r ,t !. ~10!

The terme2mct factors out because all energy in the syste
is introduced at timet50, so it has traveledtc meters
through the air at timet. A further simplification for impul-
sive sources is thatBd(r ,t) is zero except at a unique valu
of t for each wall element. This value oft is simply the
distance between the source and the wall element, divide
the speed of sound. Finding the impulse response is of
damental interest, since it can be convolved with the sou
signal to give the response for any source2 ~here, ‘‘impulse
response’’ means the pressure-squared response to
impulse—as opposed to the usual pressure response—
radiosity traces energy!.

Given I (r r ,t), the energy densityE(r r ,t) and the
square of the average sound pressurep2(r r ,t) are found as:15

E~r r ,t !5I ~r r ,t !/c and p2~r r ,t !5I ~r r ,t !r0c, ~11!

wherer0 is the medium density. For air under usual roo
conditions,r0c5414 kg m22 s21.

From the equations above, it is clear why AR is vie
independent;B(r ,t) is defined by the enclosure and th
source, and is independent of the receiver. OnceB(r ,t) is
known, the intensity at any receiver position is found re
tively easily. This feature gives AR an advantage over m
traditional room-acoustical models, such as ray tracing or
method of images in which the entire process must be
peated for different receiver positions. It is especially use
in walk-through simulations, where the environment is co
stant, and only the receiver position changes.

FIG. 2. Geometry relevant to the calculation of intensity at the receive
Nosal et al.: Acoustical radiosity—algorithms and methods
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IV. NUMERICAL SOLUTION

Analytical solutions to the integral equation exist f
spherical10–13 and long, flat2,14 enclosures. In general, how
ever, the inhomogeneous, time-dependent integral equa
Eq. ~6!, must be solved numerically.

In the numerical solution, the room interior is discretiz
into small planar patches,Si . If the room has curved sur
faces, then this discretization will be an approximation of
true surface. From Eq.~6! the average radiation density o
the ith patch is given by15

Bi~ t !5r i (
j 51

N

Bj~ t2Ri j /c!e2mRi j Fi j 1Bdi~ t !. ~12!

In the above,N is the number of patches, the reflection c
efficient is assumed constant over each patch, withr i the
reflection coefficient of patchi, Ri j is the distance betwee
some central points on patchesSi and Sj . The form factor,
Fi j , between patchi and patchj is given by

Fi j 5
1

Ai
E

Si

E
Sj

F~r ,r 8!dS8 dS

5
1

Ai
E

Si

E
Sj

cosu cosu8

pR2
dS8 dS, ~13!

where the integrals are taken over the patch areasSi andSj ,
Ai is the area of theith patch,R is the distance between th
points of integration onSi and Sj , and u and u8 are the
angles between the line joining the points of integration a
the normals toSi andSj , respectively. Physically,Fi j is the
fraction of energy leaving patchi that is incident on patchj.
See Fig. 3 for the relevant geometry. Form factors are
cussed in Sec. V.

The discrete form for the direct contribution, Eq.~7!, is
given by15

Bdi~ t !5
W~ t2Rsi /c!r i

4pAi
e2mRsiE

Si

dVs , ~14!

whereRsi is the distance between the source and the cen
point onSi and

FIG. 3. Form-factor geometry.
J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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dVs5E
Si

cosus

Rs
2

dS ~15!

is the integral over the solid angle subtended bySi at the
source. Here,Rs is the distance between the source and
point of integration onSi , andus is the angle between th
line joining the source and the point of integration and t
normal toSi . Solid angles, and the evaluation of the integ
over them, are discussed in Sec. VI.

Similarly, Eq. ~8! can be discretized, to obtain15

I ~r r ,t !5
1

p (
i 51

N E
Si

Bi~ t2Rri /c!cosu r

Rr
2

e2mRri dS1I d~r r ,t !

5
1

p (
i 51

N

Bi~ t2Rri /c!e2mRri E
Si

dV r1I d~r r ,t !, ~16!

where I d(r r ,t) is as in Eq.~9!, Rri is the distance betwee
the receiver andr, and

E
Si

dV r5E
Si

cosu r

Rr
2

dS ~17!

is the integral over the solid angle subtended bySi and the
receiver. Here,Rr is the distance between the source and
point of integration onSi , andu r is the angle between th
line joining the source and the point of integration and t
normal toSi . As with Eq.~15!, Eq. ~17! is dealt with in Sec.
VI.

V. FORM FACTORS

The evaluation of form factors, as in Eq.~13!, is difficult
since for most pairs of surfacesSi andSj there is no analyti-
cal solution to the form-factor equation. Form factors ha
been well researched in other fields where radiosity
used—in particular, in illumination engineering, thermal r
diation heat transfer and, most notably, in compu
graphics.5,6 Form factors in acoustics are the same as fo
factors in these other fields; the many methods develope
these fields, applicable to. Howell’s30 catalog of radiation
configuration factors~point-to-patch form factors!, gives
some useful references, although most of the configurat
that are dealt with are not applicable to room acoustics~for
example, that between a differential element and a cow!.

A few properties of form factors of interest for reducin
computation times are outlined here. Many other proper
can be found in the thermal-engineering literature, in wh
the topic is called form-factor algebra.6 Perhaps the mos
important property is that of reciprocity. Notice thatF ji can
be found by simply reversing the patch subscripts,i andj, of
Fi j . This gives the reciprocity relation

AiFi j 5AjF ji . ~18!

Furthermore, a planar patch cannot irradiate itself, thus

Fii 50. ~19!

Moreover, for a closed environment withN patches, no en-
ergy can escape the environment, so all energy leaving
patch must be received by the patches in the environm
973Nosal et al.: Acoustical radiosity—algorithms and methods
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~conservation of energy!. This gives the summation relatio

(
j 51

N

Fi j 51. ~20!

Researchers in AR have applied various approache
the evaluation of form factors. For rectangular, perpendi
lar, and parallel patches, Miles15 reduced the equation inte
grals to ones that may be calculated numerically by stand
methods. Lewers3 applied a discrete approximation. Mor
recently, Tsingos29 estimated form factors by point-to
polygon form factors~called configuration factors—see lat
in this section!, which are estimated over a sampling of t
receiver patch. The sampling method is very popular in
computer graphics community, and can be extended6 to find
area-to-area form factors using a technique known as Mo
Carlo integration. This method can be highly effective, p
ticularly in the case of occlusions, and has been extensi
researched in computer graphics. In the present rese
however, other methods were employed.

When only rectangular patches in rectangular rooms
being considered, form factors are found using the analyt
formulas from Grosset al.31 These formulas allow for very
simple and fast computation of form factors for rectangu
patches. Because of their lengths, the formulas are not re
duced here.

To generalize the algorithms to nonrectangular roo
discretized by nonrectangular patches,HeliosFF—software
modified for this research from the commercial graphics
diosity rendererHelios3232—was used to find form factors
Given a room and the reflection coefficients of its surfac
HeliosFF meshes the room, and outputs form factors alo
with other pertinent data, such as patch vertices, centers
eas, normals, and reflection coefficients. An ordered list
of the vertices for each of its surfaces specifies the room,
the user has basic control over the number of patches
elements~see the following paragraph! into which each room
surface is meshed.HeliosFF uses a two-level hierarchica
cubic-tetrahedral algorithm to compute form factors. The
methods are briefly discussed below.

In radiosity, the patches in a room have two function
~1! receivers of energy from the source and from oth
patches; and~2! sources emitting towards other patches. T
main idea behind a two-level hierarchy is that when
patches are behaving as sources, it is sufficient to hav
coarser meshing than when the patches are behavin
receivers.6 In a two-level hierarchy, theN patches are subdi
vided into M smaller elements (N,M ), with each patch
composed of the union of a subset of the elements.
patches act as sources and the elements act as receiver
radiation density of a patch is then the weighted averag
the radiation densities of the elements forming the patch

To account for two-level hierarchy, Eq.~12! is modified
to

BEi
~ t !5rEi(j 51

N

BPj
~ t2REi Pj

/c!e2mREi PjFEi Pj
1BdEi

~21!

with
974 J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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BPj
~ t !5

1

APj

(
i PE

AEi
BEi

~ t !, ~22!

whereEi and Pj denote elementi and patchj, respectively,
and E is the set of alli such that elementi is contained in
patchj—i.e., E5$ i 51,2,...,M uEi#Pj%.

The reason for a two-level hierarchy in computer grap
ics is intuitive.6 When the patches are emitting energy to
distant receiver, the assumption of diffuse reflection eff
tively averages the energy arriving over a solid angle. Hen
the details of the energy leaving the patch are lost, an
coarser meshing is sufficient. When an image is rende
however, the details of its surface are crucial, so a fi
meshing is needed. Since the number of patches require
less than the number of elements, a two-level hierarchy m
considerably improve computational efficiency. More
two-level hierarchies~as well as extended hierarchical repr
sentations! may be found in books dealing with radiosity i
computer graphics.5,6

In acoustics, the benefit of a two-level hierarchy is qu
tionable and remains to be explored. The goal is to reprod
the impulse response at some point in the room, so the
tails of the sound field at the surfaces are not as crucial
particular, since the sound field may not depend significan
on the exact details of the surface, further subdivision of
patches into elements may not improve the model to
same extent as it does in graphics. SinceHeliosFF uses a
two-level hierarchy, since the approach can only make p
dictions more accurate, and since computing efficiency is
the main objective of this research, a two-level hierarchy w
used.

The cubic-tetrahedral method is a Gaussian-quadra
method popular in computer science for its computatio
efficiency and accuracy. It is important to understand that
cubic-tetrahedral algorithm makes one underlying assu
tion that may affect predictions by the AR algorithm. Th
main assumption is that the form factor,Fi j , from patchi to
j can be approximated by the configuration factor5 between
one point on patchi and patchj. Equation~13! becomes

Fi j 'E
Sj

cosu cosu8

pR2
dS ~23!

at some sample pointxi on Si . Fundamental to this approxi
mation is an assumption that the integral overSj is ~nearly!
constant over patchi. That assumption is reasonable if th
distances between the patches are much greater than the
of patch i, but is questionable for large or near patches
what makes a patch large or near remains to be investiga
In illumination engineering, a five-times rule is used, whi
states that a patch can be modeled as a point source
when the distance to the receiver is at least five times
maximum projected dimension of the patch.5 Researchers in
illumination engineering and in computer graphics have
vestigated the errors introduced by the approximation.
sound sources, Rathe33 has shown that, for a receiver locate
on the vertical line of symmetry of a rectangular source,
source can be modeled as a point source if the distance to
Nosal et al.: Acoustical radiosity—algorithms and methods
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receiver is at least the maximum dimension of the rece
divided byp.

For patches that are too large or too close, it is poss
to reduce the error of this assumption by subdividing
patch areas~a two-level hierarchy may also be beneficial
this case!. Criteria governing when to stop subdividing~i.e.,
when further subdivision has insignificant effect on the re
dered image! are available in the literature on comput
graphics.6 Because details of the field are not as crucial
acoustics as they are in graphics, such criteria will likely
less stringent in acoustics than in graphics.

To find configuration factors, the cubic-tetrahed
method involves centering a tetrahedron over a differen
element on patchi, meshing the tetrahedron into cells, a
finding the configuration factors between the differential
ement and the cells. The configuration factors are stored
look-up table. Patchj is then projected onto one or more
the cells of the tetrahedron. The sum of the configurat
factors of the cells covered by the patch is approximat
Fi j . For further details, the reader is referred to the compu
graphics literature, where the method is w
documented.5,6,34,35

Several tests were carried out to compare the form
tors given byHeliosFF to analytical form factors for rectan
gular rooms and rectangular patches.31 For all cases consid
ered, the maximum difference between the analytical fo
factors and those predicted byHeliosFF was 15%. For ex-
ample, for an 83432 room with 160 patches, the maximu
difference between corresponding form factors was 14
Helios gave a form factor of 0.073 when, analytically,
should have been 0.064. In general, finer subdivisions
sulted in less error in the form factors predicted byHeliosFF.

VI. INTEGRALS OVER SOLID ANGLES—THE
SPHERICAL-TRIANGLE METHOD

The problem of finding the integral over the solid ang
subtended by a pointr and a surfaceSi appeared twice@Eqs.
~15! and~17!# in the numerical form of the integral equatio
The point was either the source or the receiver, and the
nar surface was one of the patches used to mesh the e
sure. The following integral must be evaluated:

E
Si

dV5E
Si

cosu

R2
dS, ~24!

whereu is the angle between the surface normal and the
joining a point r and the surface elementSi , and R is the
distance betweenr and the surface element.

Miles15 gave simple, closed-form expressions for t
evaluation of Eq.~24! for rectangular surfaces. To be able
work with nonrectangular patches, however, a more gen
approach to the evaluation of the integral must be found.
do so, the assumption of planar, convex surfaces w
straight edges~convex polygons! is retained.

One obvious approach is to approximate the integral
the value ofAi(cosu0 /R0

2), whereAi is the area ofSi , andu0

and R0 are defined for some central point on the surfa
Unfortunately, this is an unacceptable approximation, p
ticularly for points that are close to the surface. Another
J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004
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proach that has been suggested36,37 is to convert the integra
to a contour integral using Stoke’s theorem, but this is u
necessarily complicated.

The approach developed and taken here, which we
the spherical-triangle method, was not found elsewhere
the literature. It was developed to quickly and accurat
determine integrals over solid angles subtended by polygo
planar patches. The idea is to recognize that the integra
simply the area of the unit-spherical polygon subtended
the planar polygon andr ~the unit sphere is centered atr!
@see Fig. 4~a!#. To understand this, consider an infinitesima
small differential element ofS with areadS, at distanceR
from r. To find the area,dv, that it subtends on the uni
sphere, consider the conical solidS with vertex atr and the
differential element as its base@see Fig. 4~b!#. The area of the
cross section ofS at distanceR from r is the area that the
differential element projects in the directionu—i.e., cosu dS.
Keeping the ratio of distance fromr to cross-sectional are
constant, the area of the cross section ofS at unit distance
from r must be cosu dS/R2 ~since the cross-sectional area
proportional to the square of the distance from the verte!.
Since dS is a differential area,dv is precisely this cross-
sectional area at unit distance fromr—i.e.,

dv5
cosu

R2
dS. ~25!

Thus *Si
dV is just the integral overSi of infinitesimally

small areas on the unit sphere, so is itself the area of
unit-spherical polygon subtended bySi and r, as required.

It follows that finding*Si
dV reduces to finding the sur

face area of a spherical polygon. To do this, the general

FIG. 4. Illustrations relevant to the spherical-triangle method.
975Nosal et al.: Acoustical radiosity—algorithms and methods
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tion ~to arbitrary spherical polygons! of Girard’s theorem
~for spherical triangles! can be applied. This theorem stat
that the surface area of anN-sided spherical convex polygo
with anglesf1 , f2 ,...,fN ~measured in radians! is

A5a2S (
i 51

N

f i1~22N!p D , ~26!

wherea is the radius of the sphere. See Fig. 5 for an illu
tration of a spherical triangle with anglesf1 , f2 , andf3 . A
simple and elegant proof can be found in Weeks.38

By this theorem, finding the surface area of a spher
polygon reduces to finding the sum of all angles betwe
adjacent edges of the polygon and the center~source/
receiver!. Call this sumF. Then, by Eq.~26! ~with a51):

E
Si

dV5F1~22N!p, ~27!

whereN is the number of edges of the polygon.F is easily
found, given the vertices of the polygon and the cen
point, by taking cross products and using the cosine law
follows. Let v1 , v2 ,...,vN be the vertices of the polygo
listed in clockwise~or counter-clockwise! order around the
polygon and letp be the central point. DefinevN115v1 .
Then, for i 51,2,...,N, the normal to the planePi passing
throughv i , v i 11 , andp is

ni5~v i 112p!3~v i2p!. ~28!

Let f i be the angle betweenPi and Pi 11 where PN11

5P1 . Then, by the cosine law

cosf i5
2ni 11•ni

ini 11iini i
, ~29!

where2ni 11 is taken to get the interior angle. Then

F5(
i 51

N

f i . ~30!

FIG. 5. Spherical triangle with anglesf1 , f2 , andf3 .
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VII. TIME DISCRETIZATION

The final step in the numerical solution of the integr
equation is to discretize time. The idea of discretizing tim
has been previously applied to AR by several authors,12,16

although the present approach differs slightly in several
spects. Time is split into equal steps,

t050, t15Dt, t252Dt,..., tn5nDt5tmax, ~31!

wheren5tmax/Dt is the number of time steps, and is depe
dent on the length of the time interval,Dt, and on the maxi-
mum time,tmax, for which predictions are to be performe
The choice ofDt and tmax are affected by various conside
ations, such as the room dimensions, frequency of the so
source, absorption coefficients, desired accuracy and s
of predictions, and so forth. For notational purposes, note
following property:

ta1tb5aDt1bDt5~a1b!Dt5ta1b . ~32!

Energy is followed as it propagates through the roo
from one time step to the next. The sound is generate
t050 and is propagated through the room according to
~12!. Now, however, any energy that arrives at a patch
tween time steps is pushed forward and added to the l
time step. In this way, the radiation densities of the patch
Bi , become discrete functions, with their domain being
set of all time steps. In a similar way, sound pressure at
receiver becomes a discrete function.

VIII. ALGORITHMS

Based on the numerical solutions, algorithms were
veloped to implement the numerical solution. The algorith
involves three steps. First, an outline is given for finding t
numerical solution without further approximation. Secon
an approximating~averaging! technique is introduced to find
the later part of the decay more efficiently. Finally, the e
ment radiation densities found using the first two algorith
are used to find the pressure-squared response at a rec

A. Basic algorithm

Define

TEi Pj
5FREi Pj

cDt
G ~33!

as the number of time steps~rounded up to the nearest inte
ger! between elementEi and patchPj , whereDt is the time
interval between time steps, as in Sec. VII~recall thatREi Pj

is the distance between some central points on elemenEi

and patchPj ). The time, rounded to the nearest step, tak
for sound to travel from elementi to patch j is simply
tTEi Pj

5TEi Pj
Dt. Similarly define time steps for source-to

element, receiver-to-element, and source-to-receiver sep
tions, TsEi

, TrEi
, andTsr , respectively. To reduce the num

ber of operations, also define

KEi Pj
5rEi

FEi Pj
. ~34!

Now, consider an omni-directional, impulsive soun
source of powerW that emits energy at timet0 . Using the
Nosal et al.: Acoustical radiosity—algorithms and methods
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simplification suggested in Sec. III for impulsive sources,
attenuation can be neglected until the end of the calculati
and added according to Eq.~10!. By Eq. ~14!, the direct
contribution to elementEi is given by

BdEi
~ tTrEi

!5
rEi

W

AEi
4p E

Ei

dVs , ~35!

whereAEi
is the area of elementi. The integral is as in Eq

~15! and is evaluated by the spherical-triangle method~Sec.
VI !.

Algorithm 1 in Fig. 6 implements this time-discretize
approach to AR. In the algorithm,n is the number of time
steps,M is the number of elements, andN is the number of
patches.

B. Averaging algorithm

Because the above process is very costly in the cas
many time steps~i.e., largen!, it may be desirable to estimat
the late radiation densities rather than calculate them exp
itly. A method for doing this, given by Rougeronet al.28 for
electromagnetic waves, is as follows.

Algorithm 1 traces element radiation densities beyo
the maximum time-step,tn . Indeed,q1TEi Pj

, the subscript
in the last ‘‘for’’ loop, may be greater thann ~for q5n, for
example!. Let n8 be the maximum such subscript. Then, f
n,q<n8, BEi

(tq) is the unshot instantaneous radiation de
sity of elementEi at timetq ~where unshot means that it ha
not yet propagated to other elements!. Define

Bavg~ tq!5
( i 51

M AEi
BEi

~ tq!

( i 51
M AEi

for n,q<n8 ~36!

as the average unshot radiation density at timetq . Bavg for
other time steps is zero. Also define

ravg5
( i 51

M AEi
rEi

( i 51
M AEi

~37!

FIG. 6. Algorithm 1: Calculation of element radiation densities.
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as the average reflection coefficient. The mean free p
length of sound in the room is

Ravg5
4V

( i 51
M AEi

, ~38!

whereV is the volume of the enclosure~since 4V/S is the
mean free path length in a room of arbitrary shape, w
diffusely reflecting boundaries, whereS is the surface area2!.
Note that Rougeronet al.28 use the average distance betwe
patches and elements rather than mean free path length
sufficiently small patches, these methods should be equ
lent. Then define

qavg5 dRavg

cDt e ~39!

FIG. 7. Algorithm 2: Averaging to estimate late element radiation densit

FIG. 8. Algorithm 3: Pressure-squared response at a receiver.
977Nosal et al.: Acoustical radiosity—algorithms and methods



.24
.66
.90

978 J. Acoust. S
TABLE I. Numerical and analytical predictions for three spheres.

Case
a

~m! a
r

~m!
Btheory

~W/m2!
Brad

~W/m2!
Brad

~W/m2!
RTtheory

~s!
RTrad

~s!
Lp,theory

~dB!
Lp,rad

~dB!

1 1 0.05 1/2 0.0076 0.0076 0.0074 1.047 1.044 105.18 105
2 2 0.20 & 3.98e-4 4.03e-4 4.11e-4 0.483 0.488 92.68 92
3 3 0.50 & 4.42e-5 4.48e-5 4.52e-5 0.242 0.240 85.90 85
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as ~an approximation to! the average number of time step
between elements. From this, the estimated irradiation d
sity at timetq , for n111qavg,q<n81qavg, is

Mest~ tq!5Bavg~ tq2tqavg
!1ravgBavg~ tq22tqavg

!

1ravg
2 Bavg~ tq23tqavg

!1¯

5(
i 51

ravg
i 21Bavg~ tq2 iqavg

!, ~40!

whereBavg(tq)50 for q.n8 and the summation is taken t
the maximumi such thatq2 iqavg.n. Expressed recursively

Mest~ tq!5Bavg~ tq2qavg
!1ravgMest~ tq2qavg

!, ~41!

whereMest(tq)50 for q such thatn11<q<n1qavg.
Now, let nmax be the maximum time step for which th

predictions are to be made.Mest(tq) for n81qavg,q<nmax

can be found by Eq.~41! but, sinceBavg(tq)50 for q.n8, it
is simpler to use

Mest~ tn81 i 1 jqavg
!5ravg

j Mest~ tn81 i ! ~42!

for i 51,2,...,qavg and j >1 such thatn81 i 1 jqavg<nmax.
Once all irradiation densities,Mest(tq), have been found

the estimated radiation densities are simplyrEi
Mest(tq).

They are added to the exact radiation densities to get
updated radiation densities

BEi
8 ~ tq!5BEi

~ tq!1rEi
Mest~ tq! ~43!

for n11<q<nmax @whereBEi
(tq) for q.n8 are zero#. Al-

gorithm 2 in Fig. 7 implements this averaging technique.

C. Sound pressure at the receiver

Having found allBEi
(tq) ~where primes in the update

radiation densities are dropped for ease in notation!, the
sound intensity at the receiver~characterized by positionr r)
is found using Eq.~16!. It remains to account for air absorp
tion, which is done according to Eq.~10!. The squared pres
sure at the receiver is found using Eq.~11!. These steps are
implemented in Algorithm 3 in Fig. 8.

IX. NONIMPULSIVE SIGNAL RESPONSES

Once the~pressure-squared! impulse response at the re
ceiver is known, convolving it with any signal will give th
~pressure-squared! signal response.2 For walk-through simu-
lations, however, convolution increases the computationa
quirements for the final simulation. To reduce time lag in t
walk-through, it is desirable to perform the convolution
the rendering phase of the algorithm rather than during w
oc. Am., Vol. 116, No. 2, August 2004
n-

e

e-
e

-

through. This can be done simply by convolving the sign
with the ~impulse! radiation densities of each of the patche
The impulse radiation densities are those found in Algorit
2 multiplied bye2mct to include air absorption. The resultin
signal radiation densities can then be used in the first ‘‘fo
loop of Algorithm 3 to find intensity responses, hen
pressure-squared responses, with changing receiver p
tions. In doing so, the last part of the third algorithm must
modified slightly to include air absorption in the propagati
of sound from the elements to the receiver. Also, the dir
contribution must be modified to incorporate the time dep
dence of the signal and to include air absorption. Th
simple modifications are left to the reader.

X. VALIDATION

Algorithms 1–3 were realized in code written i
MATLAB.39 Validation of the numerical solution, the algo
rithm and methods, and the corresponding code was don
comparison of predictions made by the program with kno
analytical solutions. Analytical solutions for a spherical e
closure with a continuous sound source10–13 are used in the
present validation; they are compared to predictions by
MATLAB program run for a spherical enclosure with th
curved walls approximated by a sufficiently fine mesh.

Data for a meshed sphere, ready for input intoHeliosFF,
was determined. The meshing consisted of 288 patches
408 elements. Predictions were made for three sphere
varying sizes and absorption coefficients. In all cases,
source was an omni-directional point source with a conti
ous power of 0.005 W located at the center of the sph
The sphere’s surfaces had constant absorption coefficiena,
and air absorption was neglected. The results are give
Table I. In the table,a is the radius of the sphere andr is the
distance between source and receiver, both in meters.
subscripts ‘‘theory’’ and ‘‘rad’’ denote predictions by the an
lytical solution based on analytical formulas10–13 and nu-
merical predictions, respectively.RT is reverberation time in
seconds, andLp is steady-state sound-pressure level in d
The radiation densities listed~B in W/m2! are for a steady-
state source with power 0.005 W. For the numerical valu
radiation densities,B, are found by summing radiation den

TABLE II. Time and memory requirements for predictions for thre
spheres.

Case
Computer

speed~MHz!
max.

time ~s!
CPU

time ~s!
Memory

~MB!

1 1794 1.0 6.33e4 93
2 2193 0.6 4.20e2 63
3 2193 0.6 2.40e2 30
Nosal et al.: Acoustical radiosity—algorithms and methods
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sities for an impulsive source of power 0.005 W over all tim
for each patch. This is the radiation-density signal respo
of the patch—that is, the radiation-density impulse respo
of the patch convolved with the signal.Brad is the average
over all patches, andBrad is the value for the patch tha
differed most fromBtheory ~the worst case!.

Simulations were run on Pentium III computers, wi
speeds indicated in the Table II. Run times and memory
quirements are also given in the table. In each case, tim
discretized at 24 000 samples per second, and the imp
response is found up to ‘‘max. time’’ seconds. Note that
long run times are for finding the radiation densities of t
patches. Run times for finding the impulse response at
receiver, and making predictions, are always only a few s
onds. Furthermore,HeliosFF found the form factors within a
few seconds.

XI. CONCLUSIONS

The close agreement between the analytical soluti
and numerical predictions for the spherical enclosures v
dates two aspects of the AR work presented here:~1! the
numerical solution based on a discretization of the enclos
as presented by Miles;15 and ~2! the algorithm and method
incorporated and developed in this paper for nonrectang
enclosures—in particular, the averaging technique sugge
to improve efficiency, the cubic-tetrahedral method used
finding form factors, and the spherical-triangle method
veloped for solid angles.

A relatively coarse meshing of the spherical enclosu
with 288 patches and 408 elements was sufficient for c
vergence of the numerical solution to the analytical soluti
Time discretization of 24 000 samples per second was
sufficient. Although the rendering of the enclosure took
long time ~up to 1055 minutes for trials in this research!,
impulse responses at varying receiver positions were fo
in a matter of seconds.

Further validation of AR might use analytical solution
for the flat enclosure. Other future research may explore
necessary and sufficient conditions~such as time and mes
resolution, or times limits for exact and approximate so
tions! for convergence of the numerical solution to the~pos-
sibly unknown! analytical solution in various enclosures. B
yond this, comparisons of AR with other prediction metho
~such as ray tracing! and to measurements in real room
would be highly informative. Further improvements in ef
ciency could also be made, as could the incorporation
specular reflection into AR.
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