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This paper explores acoustio@r time-dependeptradiosity—a geometrical-acoustics sound-field
prediction method that assumes diffuse surface reflection. The literature of acoustical radiosity is
briefly reviewed and the advantages and disadvantages of the method are discussed. A discrete form
of the integral equation that results from meshing the enclosure boundaries into patches is presented
and used in a discrete-time algorithm. Furthermore, an averaging technique is used to reduce
computational requirements. To generalize to nonrectangular rooms, a spherical-triangle method is
proposed as a means of evaluating the integrals over solid angles that appear in the discrete form of
the integral equation. The evaluation of form factors, which also appear in the numerical solution,

is discussed for rectangular and nonrectangular rooms. This algorithm and associated methods are
validated by comparison of the steady-state predictions for a spherical enclosure to analytical
solutions. © 2004 Acoustical Society of AmericdDOI: 10.1121/1.1772400

PACS numbers: 43.55.Ka, 43.55.BvIK] Pages: 970-980

I. INTRODUCTION Kuttruff derived the governing integral equation for AR
in the early 197048%° Analytical solutions for the integral
Room acousticians have been attempting to understangquation exist for spher#s*® and for infinitely long, flat
and predict the behavior of sound in rooms for hundreds ofnclosure% (in which side walls are neglectedn general,
years. The prediction of sound fields in enclosures is needeghyever, the equation must be solved numerically.
for design purposes, such as the optimization of classrooms  ggyeral papers outline and/or make use of a numerical

and lecture halls for intelligibility, of concert halls, recording solution to the integral equation. In 1984, Miégave a

SWO."O?’ and Fheatres for soupd quallty,lof workrooms fordetailed account of his iterative solution for both steady-state
minimized noise levels, of offices for privacy, and so on.

. . . .~ +and time-varying sources in rectangular enclosures. In 1993,
Moreover, as computer simulations become increasingl

popular for entertainment and training purposes, fast and ai_ewers? used AR to model the diffuse reverberant tail of the

curate room-acoustical modeling techniques are required. 'MPUISe response in a hybrid model. Shi, Zhang, Encamac
One approach to room acoustics is through geometrica

@nd Giel,"® outlined an algorithm for AR, but few details or

acoustics models, in which sound waves are replaced biesults were given. More recently, Le Bot and Bocquilet,
sound rays:? As many important perceptual effects mainly compared steady-state sound-level predictions from AR to
involve middle to high frequencie$where geometrical- predictions from ray tracing, and Katfgused AR to inves-
acoustics models are accurageich models have been used tigate the propagation of sound in long enclosures with dif-
extensively in room acoustics over the past 40 years. Thifusely reflecting boundaries.

paper explores a geometrical-acoustics method known as Despite these developments and the potential of AR,
acoustical radiosityAR). The method assumes perfectly relatively little attention has been given to the technique.
lambertian-diffuse reflection from all surfaces of the enclo-Reasons for this likely include the limiting assumption of
sure. AR has been called various names, including the intejiffuse reflection and high computational costs. As discussed

gral equation methotiradiant exchang&and an intensjty- in this paper, neither assumption is unreasonably
based boundary element mettfodhe name “acoustical yegirictive—AR deserves further attention. In particular,

radlosny IS .taken from a S|m|I.ar(t|meqnde_pgndgmttech- there is a need for a clear, complete exposition of the theory
nique “539 in computer graphics, where it is simply Ca”eo'and assumptions behind the method. Moreover, algorithms
radiosity”™ . ,

y? and methods nonrectangular rooms need to be further devel-
oped for and incorporated into AR. These should include
@Author to whom correspondence should be addressed. Current affiliatior]mprovements for efficiency and the numerical solution
School of Ocean and Earth Sciences and Technology, Department of Ge-h id b lidated. Th ' h biecti fth
ology and Geophysics, University of Hawaii at Manoa, 1680 East-West>0U e validated. ese aspects are the objectives of the

Road POST 813, Honolulu, HI, 96822; Electronic mail: nosal@hawaii.edupresent paper.
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Il. ASSUMPTIONS, DISADVANTAGES, AND BENEFITS
OF ACOUSTICAL RADIOSITY ds’

Since AR is an energy-based method, phase relation-
ships between propagating waves are assumed incoH@rent.
This assumption is usually sufficient, and may be justified
when the wavelengths are small compared to the dimension
of the room*® Further simplifications made in this work in-
clude reflection coefficients independent of their angle of in-
cidence, empty convex enclosures, and omni-directional
point sources.

The main assumption of AR is that all boundaries are
diffusely reflecting—that is, reflection is governed by Lam-
bert's law,

1(6,R)=1(0,R)cos¥, 1)

wherel (6,R) is the intensity of the sound which is scattered
by a surface element in directiof (0<6#</2) from the
surface normal measured at distafcieom the elementthis
formulation is different from in other fields, such as com-incurred only in the initial rendering of a room. In particular,
puter graphics, because of the differences in definition obnce a room has been rendered for a given source, the re-
intensity). This assumption allows for major simplifications maining computational costs are low enough to enable real-
in the development of the model because diffuse reflection iime sound-field simulation for moving receivers. This view
memoryless. In particular, the way that a ray is reflected isndependence is particularly advantageous for interactive

not dependent on the direction from whence it came. simulations. Furthermore, there are methods to accelerate the
It has been suggested®that the assumption of diffuse initial rendering?®?°

reflection is less restrictive than the commonly made as-

sumption of specular reflection, and it is certainly less re-

strictive than the assumption of a diffuse field that is still

popular among room acousticians. Further, some charactel’ ANALYTICAL EQUATIONS

istics of the field may not be sensitive to a change from  pefine radiation density as the rate at which energy

specular to diffuse rEﬂECti‘ﬁJ‘fzzAR may be an effective |gaqyes a unit area of surfacéThis definition is after

predictor of such characteristics. o Kuttruff>—other authors use different terms to mean the
~ Certainly, it is likely that AR is highly effective in pre-  same thing. In computer graphics, the term would be exi-

dicting the late part of a decay curve. It has been shown thahnce) To find the radiation density of an infinitesimal wall

the conversion of specular energy into diffuse energy is imeglementds, the individual contributions from all other wall

versible and that all walls produce some diffuse reflection. gjements of the enclosure are addedinfegrated. Consider

Hence, though the initial reflections in a room may be more;ne such elementlS . Characterize the locations df and

specular than diffuse, most of the energy in the sound decayg by the position vectors andr’. Let R be the length of

of a room will involve higher-order, diffuse reflections. In- the line joiningdS anddS', and letd and ¢ be the angles

deed, after several reflections, nearly all energy becomes difatyween the line and the normals @8 and dS', respec-

fusely reflectingt” tively (R, #and ¢’ are functions of andr’). Refer to Fig. 1

The effectiveness of AR in predicting the late part of for the relevant geometry. Denote the radiation densigySit
decay curves has been shown for spheffcaand at timet by B(r,t). Similarly defineB(r',t).

rectangula®® enclosures by comparison of decay curves for The first step is to find(#',R,t), the intensity at time
rooms with and without diffusely reflecting walls. Thus, hy- ¢ the sound scattered byS' in the directiond’ from the
brid methods that account for the specular component byormal todS' measured at distand@from dS'. Consider a
another methodsuch as ray-tracing or the method of im- pemispheretd, of radiusR centered ovedS'. If no energy is
ages and for the diffuse component by AR may be highly ot in propagation, the rate of energy incident on this hemi-

successful in predicting room sound fields. Such a mOdeéphere at time from dS’ must equaB(r’,t— R/c), wherec
was suggested by Lewérand, for rectangular enclosures, is the speed of sound. Thus

by Baines**

It may be possible to extend AR methods to nondiffuse
reflection. Such extensions have been made in computer B(r’,t—R/c)dS’=fHI(G’,R,t)dS
graphics for time-independent ca%e$’ and for a few time-
dependent casé&?°

Time dependence in AR is one of its limitations, because
of the high computational costs involveih other fields,
such as computer graphics, radiosity is time independentwhere the surface integral is ovierand the second equality
Nevertheless, the method is promising, since the costs afellows from Eq.(1). Evaluation of Eq(2) yields

source

FIG. 1. Geometry relevant to the integral equation.

= (O,R,t)fH cosf’ dS, (2
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B(r',t—R/c)dS =I(OR,t)

2@ (w2
xj f R2sin@’ cosd’ do’ d¢
0 0

receiver

=7l(0R,t)R%. ©)
It follows that

!

cosé
(0" ,R,t)=B(r',t—R/c) e ™Rdg, (4)

7R?

where the terne” "R accounts for air absorption amdis the

air-absorption exponent. 1S has reflection coefficient
p(r), it follows that the radiation density oflS due to
B(r’',t—R/c) is

Byg (r,t—R/c)=p(r)I(6',R,t)cosh
FIG. 2. Geometry relevant to the calculation of intensity at the receiver.
cos6 cosé’
mR? wherer, is the position of the receiveRs, is the distance
xe MR4g (5)  between the source and the receiyis the distance be-
o tweenr andr,, and#é, is the angle between the line joining
To getB(r,t), Eq. (5) is integrated over all wall elements  angr | and the normal talS. The relevant geometry is
dS" and the direct contribution from the sourdgy(r.t) is  shown in Fig. 2.

=p(r)B(r',t—R/c)

added. This gives Assuming an impulsive sound source simplifies the
/ above equations by allowing air absorption to be neglected
p(r) ___cosé cosd . S .o . ?
B(r,t)=——| B(r',t—R/c)e mR—zds’ until the end. First, intensity is found at the receiver without
T Js R air absorption| o(r, ,t), wheret=0 is the time of generation
+By(r 1), 6) of the sgnal !mpulse. Then the intensity with air absorption,
I m(r,,t), is given by
where S is the surface of the enclosure. For an omni- e
directional source with powen(t), By4(r,t) is given by In(Te ) =€ o(r 1), (10
Wit p The terme™ ™! factors out because all energy in the system
By(r,t+ RS/c):LOZSSp(r)e(*mRs)_ (7) s introduced at timet=0, so it has traveledc meters

through the air at time. A further simplification for impul-
n%ive sources is thad4(r,t) is zero except at a unique value
of t for each wall element. This value afis simply the
with the normal todS (refer once again to Fig. 1 for the distance between the source and_the wall element, d_|V|ded by
the speed of sound. Finding the impulse response is of fun-

eometry. . . . .
9 y damental interest, since it can be convolved with the source

Equation(6) is the governing equation of AR. The inte- signal to give the response for any sodrdecre, “impulse

gral equation is usually expressed for irradiation density— ,
. LT . esponse” means the pressure-squared response to an
the rate at which energy is incident on a unit area of. .

. o . . . impulse—as opposed to the usual pressure response—since
surface—instead of for radiation density. The difference lies_ .~
in the incorporation of the surface-absorption term; WhenradIOSIty traces energy

P P ' Given I(r,,t), the energy densityE(r,,t) and the

irradiation density is used, it lies inside the integral, andS uare of the average sound presgife, .1) are found ad®
when radiation density is used, it lies outside the integral: q 9 P r '
The latter results in fewer operations in the final AR algo- E(r,,t)=I(r,,t)/c and p?(r,,t)=1(r,,t)poc, (11)
rithm.

OnceB(r,t) is known for allr andt=0, the intensity at
the receiver is found B*°

S

Here,R; is the distance between the source and wall eleme
r, and the line between the source ahf makes angleds

where pg is the medium density. For air under usual room
conditions,poc=414kgm ?s™ 1.
From the equations above, it is clear why AR is view

1 ( B(r,t—R,/c)cosh, independent;B(r,t) is defined by the enclosure and the
|(fr,t)=;j > el"™R)ds source, and is independent of the receiver. OB(g,t) is

s Rr known, the intensity at any receiver position is found rela-

Fly(r, b (8) tively easily. This feature gives AR an advantage over more
. ) o traditional room-acoustical models, such as ray tracing or the
with the direct contribution method of images in which the entire process must be re-
W(t—R,/c) peated for diﬁereht rece;iver positions. It is .especially. useful

lg(ry ,t)= > el ~MRso)] (90 in walk-through simulations, where the environment is con-

RS stant, and only the receiver position changes.

972  J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004 Nosal et al.: Acoustical radiosity—algorithms and methods



C0S6,
| a0~ [ 2as 15)
S S; RS

is the integral over the solid angle subtended$yat the
source. HereRg is the distance between the source and the
point of integration onS;, and é, is the angle between the
line joining the source and the point of integration and the
normal toS; . Solid angles, and the evaluation of the integral
over them, are discussed in Sec. VI.
Similarly, Eq.(8) can be discretized, to obtdh
N

B

1 Bi(t—R,;/c)cosé
S [ | rl r 7mRri
0 ‘ I(ry,t) wZﬁ . = e MRidS+I4(r, 1)
ds 1 N
==> Bi(t—R,i/c)e—mRrif dQ, +14(r,,t), (16)
Ti=1 S

FIG. 3. Form-fact try. . . . .
orm-acior geomety wherel 4(r, ,t) is as in Eq.(9), R,; is the distance between

the receiver and, and
IV. NUMERICAL SOLUTION

cosé
Analytical solutions to the integral equation exist for f er:J' —ds (17
spherical®**and long, flat!* enclosures. In general, how- S SR
ever, the inhomogeneous, time-dependent integral equatiois the integral over the solid angle subtendedShyand the
Eq. (6), must be solved numerically. receiver. HereR, is the distance between the source and the

In the numerical solution, the room interior is discretizedpoint of integration orS;, and 6, is the angle between the
into small planar patches;. If the room has curved sur- line joining the source and the point of integration and the
faces, then this discretization will be an approximation of thenormal toS; . As with Eq.(15), Eq.(17) is dealt with in Sec.
true surface. From Eq6) the average radiation density of VI.
theith patch is given b¥

N

“mR; V. FORM FACTORS
B|(t):p|lzl BJ(t_R” /C)e 1F|J+Bd|(t) (12)

The evaluation of form factors, as in Ed.3), is difficult
In the aboveN is the number of patches, the reflection co-since for most pairs of surfac& andS; there is no analyti-
efficient is assumed constant over each patch, wjththe  cal solution to the form-factor equation. Form factors have

reflection coefficient of patch R;; is the distance between been well researched in other fields where radiosity is
some central points on patch8sandS;. The form factor, used—in particular, in illumination engineering, thermal ra-

Fi;, between patch and patchj is given by diation heat transfer and, most notably, in computer

graphics>® Form factors in acoustics are the same as form

Fi ziJ' J F(r,r')ds ds factors in these other fields; the many methods developed in
A s S, these fields, applicable to. Howefl%catalog of radiation

configuration factors(point-to-patch form facto)s gives
1 J J cosd cosp’ 4s d some useful references, although most of the configurations
=— —_— S, (13 ) ;
Ails S TR? that are dealt with are not applicable to room acoudfics
example, that between a differential element and a)cow
A few properties of form factors of interest for reducing
computation times are outlined here. Many other properties
an be found in the thermal-engineering literature, in which
he topic is called form-factor algebfaPerhaps the most
important property is that of reciprocity. Notice thaf can
be found by simply reversing the patch subscripemdj, of
Fij . This gives the reciprocity relation

where the integrals are taken over the patch afasdS; ,

A, is the area of théth patch,R is the distance between the
points of integration orS; and S;, and ¢ and ¢' are the
angles between the line joining the points of integration an
the normals td5; andS;, respectively. Physicallys;; is the
fraction of energy leaving patdhthat is incident on patch
See Fig. 3 for the relevant geometry. Form factors are dis
cussed in Sec. V.

The discrete form for the direct contribution, Eg), is AiFij=AFj; . (18
: 5
given by Furthermore, a planar patch cannot irradiate itself, thus
W(t—=Rgi/C)p;y L
Ba() = a € " fadﬂs, (14 Fu=0. 19

Moreover, for a closed environment with patches, no en-
whereRg; is the distance between the source and the centrargy can escape the environment, so all energy leaving one
point onS; and patch must be received by the patches in the environment
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(conservation of energyThis gives the summation relation

J

1
Bp, (D)= 2 2 AeBe,(1), (22
j|E

N
> Fi=1. (20)
= whereE; andP; denote elementand patch, respectively,

Researchers in AR have applied various approaches i@ndE is the set of alli such that elemeritis contained in
the evaluation of form factors. For rectangular, perpendicupatchj—i.e.,E={i=1,2,..M|E;CP;}.
lar, and parallel patches, MilEsreduced the equation inte- The reason for a two-level hierarchy in computer graph-
grals to ones that may be calculated numerically by standarigs is intuitive® When the patches are emitting energy to a
methods. Lewersapplied a discrete approximation. More distant receiver, the assumption of diffuse reflection effec-
recently, Tsingo® estimated form factors by point-to- tively averages the energy arriving over a solid angle. Hence,
polygon form factorgcalled configuration factors—see later the details of the energy leaving the patch are lost, and a
in this section, which are estimated over a sampling of the coarser meshing is sufficient. When an image is rendered,
receiver patch. The sampling method is very popular in thdowever, the details of its surface are crucial, so a finer
computer graphics community, and can be extefdedind ~ meshing is needed. Since the number of patches required is
area-to-area form factors using a technique known as Montt@ss than the number of elements, a two-level hierarchy may
Carlo integration. This method can be highly effective, par-considerably improve computational efficiency. More on
ticularly in the case of occlusions, and has been extensivelfwo-level hierarchiegas well as extended hierarchical repre-
researched in computer graphics. In the present researcggentationsmay be found in books dealing with radiosity in
however, other methods were employed. computer graphics®

When only rectangular patches in rectangular rooms are  In acoustics, the benefit of a two-level hierarchy is ques-
being considered, form factors are found using the analyticdionable and remains to be explored. The goal is to reproduce
formulas from Gros®t al3! These formulas allow for very the impulse response at some point in the room, so the de-
simple and fast computation of form factors for rectangulartails of the sound field at the surfaces are not as crucial. In
patches. Because of their lengths, the formulas are not repr@articular, since the sound field may not depend significantly
duced here. on the exact details of the surface, further subdivision of the

To generalize the algorithms to nonrectangular roomgPatches into elements may not improve the model to the
discretized by nonrectangular patcheékgliosFF—software ~same extent as it does in graphics. SiteliosFF uses a
modified for this research from the commercial graphics raiwo-level hierarchy, since the approach can only make pre-
diosity rendereiHelios32*>—was used to find form factors. dictions more accurate, and since computing efficiency is not
Given a room and the reflection coefficients of its surfacesthe main objective of this research, a two-level hierarchy was
HeliosFF meshes the room, and outputs form factors along/sed.
with other pertinent data, such as patch vertices, centers, ar- The cubic-tetrahedral method is a Gaussian-quadrature
eas, normals, and reflection coefficients. An ordered listingnethod popular in computer science for its computational
of the vertices for each of its surfaces specifies the room, anéffficiency and accuracy. It is important to understand that the
the user has basic control over the number of patches arfHbic-tetrahedral algorithm makes one underlying assump-
elementgsee the following paragrapimto which each room tion that may affect predictions by the AR algorithm. This
surface is meshedHeliosFF uses a two-level hierarchical, main assumption is that the form facté; , from patchi to
cubic-tetrahedral algorithm to compute form factors. Thesé can be approximated by the configuration fattoetween
methods are briefly discussed below. one point on patch and patchj. Equation(13) becomes

In radiosity, the patches in a room have two functions:
(1) receivers of energy from the source and from other cos6 cosh’
patches; and2) sources emitting towards other patches. The Fiﬁf T
main idea behind a two-level hierarchy is that when the 5 7

patches are behaving as sources, it is sufficient to have a

coarser meshing than when the patches are behaving &5SOMe sample pOIlXIi.OI’]SI‘i]. FLrjlnd.ament?l to this app:oxr
receiver$ In a two-level hierarchy, thél patches are subdi- Mation is an assumption that the integral oggiis (nearly
vided into M smaller elementsN<M), with each patch constant over patch That assumption is reasonable if the

composed of the union of a subset of the elements Thdistances between the patches are much greater than the size

patches act as sources and the elements act as receivers. 'Pﬁhepamhl'(' but is quielstlonable for Iargg or near'patch.es—
radiation density of a patch is then the weighted average of’ at makes a paich large or near remains to be investigated.

the radiation densities of the elements forming the patch, N lllumination engineering, a five-times rule is used, which
To account for two-level hierarchy, E(L2) is modified states that a patch can be modeled as a point source only
when the distance to the receiver is at least five times the

maximum projected dimension of the pafcResearchers in
N illumination engineering and in computer graphics have in-
BEi(t):pEiE BPj(t_REin/C)eimREiPiFEin"'BdEi vestigated the errors introduced by the approximation. For
= 21) sound sources, Ratffehas shown that, for a receiver located
on the vertical line of symmetry of a rectangular source, the
with source can be modeled as a point source if the distance to the

(23

to
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receiver is at least the maximum dimension of the receiver
divided by .

For patches that are too large or too close, it is possible
to reduce the error of this assumption by subdividing the
patch areaga two-level hierarchy may also be beneficial in
this casg Criteria governing when to stop subdividifige.,
when further subdivision has insignificant effect on the ren-
dered imagg are available in the literature on computer
graphics® Because details of the field are not as crucial in
acoustics as they are in graphics, such criteria will likely be
less stringent in acoustics than in graphics.

To find configuration factors, the cubic-tetrahedral
method involves centering a tetrahedron over a differential
element on patch, meshing the tetrahedron into cells, and
finding the configuration factors between the differential el-
ement and the cells. The configuration factors are stored in a
look-up table. Patcl is then projected onto one or more of
the cells of the tetrahedron. The sum of the configuration
factors of the cells covered by the patch is approximately
Fij . For further details, the reader is referred to the computer
graphics literature, where the method is well
documented:®343°

Several tests were carried out to compare the form fac-
tors given byHeliosFFto analytical form factors for rectan-
gular rooms and rectangular patciégor all cases consid- (b)
ered, the maximum difference between the analytical form
factors and those predicted IbjeliosFF was 15%. For ex-

ample, for an &4X2 room with 160 patches, the maximum . .
difference between corresponding form factors was 14%proach that has been suggestedis to convert the integral

Helios gave a form factor of 0.073 when, analytically, it foa contpur mteg'ral using Stoke's theorem, but this is un-
necessarily complicated.

should have been 0.064. In general, finer subdivisions re- .

sulted in less error in the form factors predictedHsliosFF The a_pp“’?"h developed and taken here, which we Cf?‘”
the spherical-triangle method, was not found elsewhere in
the literature. It was developed to quickly and accurately

VI. INTEGRALS OVER SOLID ANGLES—THE determine integrals over solid angles subtended by polygonal

SPHERICAL-TRIANGLE METHOD planar patches. The idea is to recognize that the integral is

The problem of finding the integral over the solid anglesSIMPly the area of the unit-spherical polygon subtended by

subtended by a pointand a surfac&, appeared twicgEqgs.  the planar polygon and (the unit sphere is centered Bt

(15) and(17)] in the numerical form of the integral equation. [see Flg. 4a)]. To understand th|§, consider an |nf|n|te5|mally

The point was either the source or the receiver, and the plmall differential element of with areadS, at distanceR

nar surface was one of the patches used to mesh the enci§om - To find the areadw, that it subtends on the unit
sure. The following integral must be evaluated: sphere, consider the conical softdwith vertex atr and the

differential element as its bagsee Fig. 4b)]. The area of the
J' dQ_J' cosé cross section of at distanceR from r is the area that the
S S

FIG. 4. lllustrations relevant to the spherical-triangle method.

R? ds, (24) differential element projects in the directier—i.e., cosfdS

Keeping the ratio of distance fromto cross-sectional area
whered is the angle between the surface normal and the lin@onstant, the area of the cross sectiorSadt unit distance
joining a pointr and the surface eleme, andRis the  from r must be co®dIR? (since the cross-sectional area is
distance between and the surface element. proportional to the square of the distance from the vertex

Miles'® gave simple, closed-form expressions for thesince dS is a differential areadw is precisely this cross-
evaluation of Eq(24) for rectangular surfaces. To be able t0 sectional area at unit distance fram-i.e.,
work with nonrectangular patches, however, a more general
approach to the evaluation of the integral must be found. To cosé
do so, the assumption of planar, convex surfaces with 9¢~ =2 95 (25

' p p ) R

straight edgegconvex polygonkis retained. o ) o

One obvious approach is to approximate the integral byl NUS [sd(} is just the integral oveS of infinitesimally
the value omi(coseolRé), whereA, is the area 06, andg, Small areas on the unit sphere, so is itself the area of the
and R, are defined for some central point on the surfaceunit-spherical polygon subtended By andr, as required.
Unfortunately, this is an unacceptable approximation, par- It follows that finding /s d{} reduces to finding the sur-

ticularly for points that are close to the surface. Another apface area of a spherical polygon. To do this, the generaliza-

J. Acoust. Soc. Am., Vol. 116, No. 2, August 2004 Nosal et al.: Acoustical radiosity—algorithms and methods 975



VII. TIME DISCRETIZATION

The final step in the numerical solution of the integral
equation is to discretize time. The idea of discretizing time
has been previously applied to AR by several authdt§,
although the present approach differs slightly in several re-
spects. Time is split into equal steps,

to=0, t;=At, t,=2At,..., t,=nAt=t,.. (31

wheren=t,,,/At is the number of time steps, and is depen-
dent on the length of the time intervalt, and on the maxi-
mum time,t,,.x, for which predictions are to be performed.
The choice ofAt andt,,, are affected by various consider-
ations, such as the room dimensions, frequency of the sound
source, absorption coefficients, desired accuracy and speed
of predictions, and so forth. For notational purposes, note the
following property:

FIG. 5. Spherical triangle with angleg,, ¢,, and¢;. ty+tp,=aAt+bAt=(a+b)At=t, .. (32

Energy is followed as it propagates through the room
tion (to arbitrary spherical polygohsof Girard’s theorem from one time step to the next. The sound is generated at
(for spherical trianglescan be applied. This theorem statest,=0 and is propagated through the room according to Eq.
that the surface area of asided spherical convex polygon (12). Now, however, any energy that arrives at a patch be-
with angles¢,, ¢,,...,¢n (Measured in radianss tween time steps is pushed forward and added to the later

time step. In this way, the radiation densities of the patches,
N . . . . . .
A=a2( 2 ¢-+(2—N)Tr) (26) B, become discrete functpn_s, with their domain being the
“~ : set of all time steps. In a similar way, sound pressure at the
receiver becomes a discrete function.
wherea is the radius of the sphere. See Fig. 5 for an illus-
tration of a spherical triangle with anglés , ¢,, and¢s. A ;| ALGORITHMS
simple and elegant proof can be found in We&ks.

By this theorem, finding the surface area of a spherical Based on the numerical solutions, algorithms were de-
polygon reduces to finding the sum of all angles betweerveloped to implement the numerical solution. The algorithm
adjacent edges of the polygon and the centewsurce/ involves three steps. First, an outline is given for finding the
receivey. Call this sum®. Then, by Eq(26) (with a=1): numerical solution without further approximation. Second,
an approximatindaveraging technique is introduced to find
the later part of the decay more efficiently. Finally, the ele-
ment radiation densities found using the first two algorithms
are used to find the pressure-squared response at a receiver.

f dQ=®+(2—N)m, (27)
5

whereN is the number of edges of the polygah.is easily A. Basic algorithm
found, given the vertices of the polygon and the central .
point, by taking cross products and using the cosine law, as Define

follows. Letvq, v,,...,un be the vertices of the polygon Ep
listed in clockwise(or counter-clockwiseorder around the Tep=|—0 (33
polygon and letp be the central point. Definey,;=v;. "I cAt

Then, fori=1,2,..N, the normal to the plan®; passing as the number of time stegggunded up to the nearest inte-
throughv;, v 1, andpis gen between elemert; and patchP;, whereAt is the time
interval between time steps, as in Sec. \Bcall thatREi P,

is the distance between some central points on eleragnt
and patchP;). The time, rounded to the nearest step, taken
for sound to travel from elemernt to patchj is simply
tTEin:TEiijt. Similarly define time steps for source-to-

Ni=i+1—P)X(v;i—p). (29

Let ¢; be the angle betweeR; and P;.; where Py,
=P,. Then, by the cosine law

Ny (29 element, receiver-to-element, and source-to-receiver separa-
tions,TsEi, T, andT,,, respectively. To reduce the num-

ber of operations, also define

COSQi =17,
P v sallnd

where—n;, ; is taken to get the interior angle. Then

KEin:PEiFEin- (34)
N
‘DIE b (30) Now, consider an omni-directional, impulsive sound
= source of powelV that emits energy at timg,. Using the
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Compute TE,.P, ,KE’,,I » B (1) % Eqgs. (33-35) Calculate B, (1) for g=n+1tog=n', p, ,and q,,

% Eqgs. (36-39
forg=1tog=n o Eags.( )

fori=1toi=M
B, (tq) =B, (tq)+BdE’ )

Define M

est

(t)=0fori<n+gq,,

fori=ltoi=gq,,

end for for j=>1
for j=1toj=N while n+i+ jg,, <n'tq,,
1
B, (t)=—) A B.(2)
e ] gl’; BT Mesn (trmﬂ'qm,g) = Bavs (t"+i+(j*1)‘lwg ) + prM"S‘ (t"”*(f‘])‘lwg)
_{; % Eq. (41)
% Eq. (22), E={i|E. c P. o £q
% Eq. (22), {l| i1 & J} end while
fori=ltoi=M while #'+i+ jq,, <n..
Bty )= Bp (0 )Kpp + B (., ) Mo (i) = P’ Mo (0,.) % Eq. (42)
end while
% Eq. (21) end for
end for end for
end for
end for for g=n+l+gq,, to g=n_,
FIG. 6. Algorithm 1: Calculation of element radiation densities. B (t)=B, )+ ps M, (1) % Eq. (43)

end for

S|mpI|f|c§1t|on Squesred in Sec. I.” for |mpuIS|ve SOUI’CGS,. aIrFIG. 7. Algorithm 2: Averaging to estimate late element radiation densities.
attenuation can be neglected until the end of the calculations,

and added according to E@L0). By Eq. (14), the direct

contribution to elemenk; is given by as the average reflection coefficient. The mean free path

length of sound in the room is
PEiW J 40
BdEi(tTrEi) - AE|47T Ei S (35) 4V
EileAEi

Ravg= (38

WhereAEi is the area of elemerit The integral is as in Eq.

(15) and is evaluated by the spherical-triangle metf®ec. ~ whereV is the volume of the enclosuisince 4//S is the

VI). mean free path length in a room of arbitrary shape, with
Algorithm 1 in Fig. 6 implements this time-discretized diffusely reflecting boundaries, whess the surface aréa

approach to AR. In the algorithnm is the number of time Note that Rougeroet al?® use the average distance between
steps,M is the number of elements, aMdlis the number of patches and elements rather than mean free path length. For

patches. sufficiently small patches, these methods should be equiva-
lent. Then define
B. Averaging algorithm _[@ 39
Because the above process is very costly in the case of Gavg™| CAt

many time step§.e., largen), it may be desirable to estimate
the late radiation densities rather than calculate them explic-
itly. A method for doing this, given by Rougerat al2® for
electromagnetic waves, is as follows.

Algorithm 1 traces element radiation densities beyond
the maximum time-stef,, . Indeed,q+TEipj, the subscript
in the last “for” loop, may be greater than (for g=n, for
example. Letn’ be the maximum such subscript. Then, for
n<gsn’, BEi(tq) is the unshot instantaneous radiation den-

sity of elementE; at timet, (where unshot means that it has

Compute de, T, % Eqgs.(17) and (33)
E,

forg=1to g=n_,
fori=ltoi=M

1
1oty ) = ooty )+ — By (1) [
E

. % Eq. (16
not yet propagated to other elemenefine end for °Eq. (16
end for
Bt 2i=aReBety f (36) I I W % Eq. (9
= ———F———— for n<g=n’ )= (rt, )t —— % Eq.
avg( q) EileAE. q ol7, r) o7 g,) 4”er2 o Eq. (9)
I
L . forg=1tog=n_
as the average unshot radiation density at ttqjeB,, for o] % Ea. (10
other time steps is zero. Also define Lot)=e 7 L(n,0) *Eq. (10)
M P(rt)=1,0.t)pc % Eq. (11)
Ei = 1AEipEi (37) end for
Pavg= "M A~
TEMAg
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FIG. 8. Algorithm 3: Pressure-squared response at a receiver.
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TABLE I. Numerical and analytical predictions for three spheres.

a r Btheorzv ﬂl Brad R Tlheory R Trad L p,theory L p,rad

Case (m) @ m  Wm)  wWmd)  (Wimd (9 (9 (dB) (dB)
1 1 0.05 1/2 0.0076 0.0076 0.0074 1.047 1.044 105.18 105.24
2 2 020 v2 3.98e-4 4.03e-4 4.11e-4 0.483 0.488 92.68 92.66
3 3 0.50 V2 4.42e-5 4.48e-5 4.52e-5 0.242 0.240 85.90 85.90

as (an approximation tothe average number of time steps through. This can be done simply by convolving the signal
between elements. From this, the estimated irradiation derwith the (impulse radiation densities of each of the patches.

sity at timet,, for N+ 1+ 0ag<q=<n’+0ayq, iS

M es(tq) = BaVQ(tq_ tqavg + pavﬁavg{tq_ 2tqav9)

+ nggBavg(tq_ 3tqavg) L

— i-1
_;1 plavg Bavg(tqfiqavg)a (40
whereB,,ty) =0 for g>n" and the summation is taken to
the maximumi such thatj—iq,,,>n. Expressed recursively
Mes(tq): Bavg(tqfqavg)_"l)ang es(tqfqavg)a (41
whereMg(ty) =0 for g such than+1<qg<n+ gy
Now, let n,, be the maximum time step for which the
predictions are to be mad®les(ty) for N’ +0ag<0=<Npax
can be found by Eq41) but, sinceB,,(t,)=0 forg>n’, it
is simpler to use

Mes(tn’+i+jqav§) :PJanM esltnr+i)

fori=1,2,...0agandj=1 such thah’ +i+jgayg=Nmax-
Once all irradiation densities/ .s(t,), have been found,
the estimated radiation densities are simply Mes(t).

(42

The impulse radiation densities are those found in Algorithm
2 multiplied bye™™¢'to include air absorption. The resulting
signal radiation densities can then be used in the first “for”
loop of Algorithm 3 to find intensity responses, hence
pressure-squared responses, with changing receiver posi-
tions. In doing so, the last part of the third algorithm must be
modified slightly to include air absorption in the propagation
of sound from the elements to the receiver. Also, the direct
contribution must be modified to incorporate the time depen-
dence of the signal and to include air absorption. These
simple modifications are left to the reader.

X. VALIDATION

Algorithms 1-3 were realized in code written in
MATLAB®® Validation of the numerical solution, the algo-
rithm and methods, and the corresponding code was done by
comparison of predictions made by the program with known
analytical solutions. Analytical solutions for a spherical en-
closure with a continuous sound soufté®are used in the
present validation; they are compared to predictions by the
MATLAB program run for a spherical enclosure with the
curved walls approximated by a sufficiently fine mesh.

Data for a meshed sphere, ready for input idtdiosFF,

They are added to the exact radiation densities to get thg, g determined. The meshing consisted of 288 patches and

updated radiation densities
Béi(tq) = BEi(tq) + PE; M es(tq)

for n+1<q=<npa [whereBg (ty) for g>n’ are zerg. Al-
gorithm 2 in Fig. 7 implements this averaging technique.

(43

C. Sound pressure at the receiver

Having found aIIBEi(tq) (where primes in the updated
radiation densities are dropped for ease in notatidhe
sound intensity at the receivécharacterized by position)
is found using Eq(16). It remains to account for air absorp-
tion, which is done according to E¢LO). The squared pres-
sure at the receiver is found using E@l). These steps are
implemented in Algorithm 3 in Fig. 8.

IX. NONIMPULSIVE SIGNAL RESPONSES

Once the(pressure-squargdmpulse response at the re-
ceiver is known, convolving it with any signal will give the
(pressure-squargdignal responséFor walk-through simu-

lations, however, convolution increases the computational re
quirements for the final simulation. To reduce time lag in the
walk-through, it is desirable to perform the convolution in
the rendering phase of the algorithm rather than during walk:
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408 elements. Predictions were made for three spheres of
varying sizes and absorption coefficients. In all cases, the
source was an omni-directional point source with a continu-
ous power of 0.005 W located at the center of the sphere.
The sphere’s surfaces had constant absorption coefficient,
and air absorption was neglected. The results are given in
Table 1. In the tablea is the radius of the sphere ands the
distance between source and receiver, both in meters. The
subscripts “theory” and “rad” denote predictions by the ana-
lytical solution based on analytical formutds™ and nu-
merical predictions, respectivelRT is reverberation time in
seconds, and, is steady-state sound-pressure level in dB.
The radiation densities listed in W/m?) are for a steady-
state source with power 0.005 W. For the numerical values,
radiation densitiesB, are found by summing radiation den-

TABLE II. Time and memory requirements for predictions for three
spheres.

Computer max. CPU Memory
Case speed(MHz) time (s) time (s) (MB)
1 1794 1.0 6.384 93
2 2193 0.6 4.262 63
3 2193 0.6 2.462 30
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