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Abstract. STATISTICAL RESOURCE CENTER (SRC) isacollection of fully interactive, graphical JAVA applets,
developed for teaching basic statistics. The SRC consists of alinear regression applet, a collection of probability applets, and
twelve applets exploring fundamental statistical distributions. The SRC center is under development and its current URL is
http://www.acs.ucalgary.ca/~hosal/src
The regression applet displays a scattergram with an interactive regression guess-line as well asthe line of best fit. The
probability applets employ video clips to demonstrate the games of poker, craps, roulette, and the associated probabilities. SRC
statistical distribution applets allow a graphical interactive exploration of the shape and location of the Gaussian, Student, Chi-
squared and Fisher distributions. In addition, these applets also allow remote computations of the distribution critical points and
tail probabilities over the Internet. All the numerical computations are supplemented with interactive animated graphical
presentations, which demonstrate the meaning of the computed values.

1. Introduction and JAVA Programming
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STATISTICAL RESOURCE CENTER (SRC) has been developed using JAVA 2 in order to
provide easy interactive Internet access as well as complete portability and computer platform independence. JAVA
2 has many classes of objects, interfaces and packages facilitating GUI building, graphics and animations, runtime
event handling (drag and drop), multimedia including audio, and video, communications and networking, access to
databases, multi-language facilities, network security etc. Unfortunately, JAVA language was not developed to
perform numerical calculations. The original JAVA standard contains neither numerical functions, which would
allow computations associated with fundamental statistical distributions, nor special mathematical functions such as
Gamma and Beta functions. This fact makes distributed interactive computation over the Internet using JAV A rather
difficult.

JAVA 2 contains SHORT, INTEGER, FLOAT and DOUBLE data types allowing simple arithmetic
operations and elementary functions (trigonometric, exponential, and logarithmic). Constants include =, e, -oo and

+oo. Media package includes some “hidden” vector and matrix operations disguised as 2D and 3D image
transformations needed for graphics development and animation. There are no standard libraries with advanced
mathematical support available. VISUAL NUMERICS (VN), corporation providing International Mathematical
and Statistical Libraries (IMSL) for Fortran, C etc. has developed JAVA Numerical Library (JNL). JNL is very
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incomplete: e.g. incomplete Gamma, Beta and other functions are missing. JNL has serious numerical problems,
first discovered during the present development of the SRC and formally recognized by VN. VN has made an
executive decision not to support further development JNL in the near future. However, numerical evaluation of
fundamental statistical distribution functions and their inverses requires the above mentioned specia functions. For
this purpose we have used special numerical algorithms for computations of special mathematical functions and
implemented them in JAVA. These JAVA implemented agorithms were then used to develop the SRC. Some of
these algorithms are discussed in the next section.

2. Linear Regression Applet
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The linear regression applet alows the user to enter the data points (observations) interactively by clicking
the mouse (while mouse location coordinates are being displayed) and moving it al over the scattergram.
Alternately, the user can enter the co-ordinates of the points into a small spreadsheet. This spreadsheet can be also
used to edit the co-Ordinates of previously entered points. After entering all points on the scattergram, the user can
interactively guess the line of best fit by clicking the mouse on the scattergram and the applet displays the
corresponding sum of squares of errors of the selected line. While moving the guessline around the scattergram,
the user can observe changes of the sum of squares of errors and can attempt to decrease its value to a minimum.
Alternately, the user can have the applet to display the least squares regression line and compare its residual sum of
squares with the sum of squares of errors obtained for the guess-ine. The applet teaches the student the concept of
the least squares error and its effect on the position of the line in the scattergram.

3. Probability Applets

A magjority of introductory courses on statistics also teach fundamental concepts of probability.
These concepts are usually demonstrated on simple examples of tossing coins and rolling dice. Unfortunately, a
great mgjority of students usually find the concepts of probability and corresponding computations of even simplest
probabilities quite complicated and difficult to understand. In order to motivate the students, it is advantageous to
use real life games of chance such as poker, bridge, roulette wheels etc. Unfortunately, many students often are not
familiar with the rules of such games. For this reason, computations of corresponding probabilities of outcomes are
hard to comprehend. The SRC probability applet provides short videos in MPEG format, which demonstrate various
games of chance and corresponding random events of interest. The student then has an option of clicking on the
solution for the corresponding probability of such event. This module of the SRC is currently under development
and new videos are being added. At this time, the applet handles poker (probability of a Pair, a Full House, a
Straight, a Flush, a Royal Flush and a Nothing). Furthermore, the applet offers also videos and an analysis of the
expectation and the variance of the payoff of various betsin Las Vegas Roulette. Videos of Bank Craps and Big Six
Wheels are under preparation.
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4. Fundamental Statistical Distribution Applets

Fundamental continuous statistical distributions play a central role in teaching and applications of statistics.
They include the Normal (Gaussian) Distribution, Student T Distribution, Chi-squared Distribution and Fisher's F
distribution. Each of these distributions provides a student with three different interactive JAV A applets. Each applet
alows the student to explore different features of the distribution in question. The first applet, called Explore
Distribution Shape, provides for each distribution parameter a slider with a numerical scale displayed in its
proximity. By diding the parameter slider, the student can observe the effect of various numerical values on the
distribution location and shape. For example, by dsiding the dider for the Normal Distribution mean , the student
can observe the Normal density dliding horizontally. Sliding the corresponding values of the standard deviation then
changes the curve's spread (shape).

Fisher Tail Probabilty Calculator
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The second applet, called Find Tail Probabilities, calculates the probability of exceedance of a given value
for the selected distribution with specific values of the parameters, which are entered in the corresponding
parametric boxes by the user. These probabilities are displayed numerically as well as graphically as corresponding
areas under the corresponding distribution curve. Finally, the third applet, called Find Critical Points, calculates for
any given probability the corresponding value of the argument which is exceeded with the required probability.
These critical points, and corresponding probabilities are displayed numerically as well as graphically as the areas
under the distribution curve. The concept of a critical point of a distribution contains in itself inherently the concept
of aninverse function. Thisis avery difficult concept for many students. This applet interfaces the numerical values
of critical points with corresponding probabilities of exceedance in the form of areas under the distribution curve.
This graphical approach together with the possibility of interactively changing corresponding input values allows the
student to experiment with these concepts and better comprehend their meaning and importance.



5. Special Numerical Algorithms

A majority of numerical procedures used in the SRC uses standard JAVA 2 functions together with INL
functions developed by VN. The Section 3 contains details of all JAVA algorithms together with detailed listing of
all used functions and their sources. It can been seen there that the Normal, Student and Fisher distributions can be
quite easily evaluated using standard JAVA functions together with JNL. However, the Chi-Squared distribution
critical points and tail probabilities required development of special numerical algorithms. These have been coded in
JAVA, and form a part of a new library, called StatsconLib. Details of this library are given in Section 4 below.
Numerical details of the corresponding numerical algorithms are given in Section 2 below.

5.1 Algorithm for Computation of Chi-Squared Tail Probabilities

Computation of the Chi-Squared Cumulative Distribution Function (CDF) and corresponding tail
probabilities requires the use of the Incomplete Gammafunction. In this section, we follow methods and notation of

Press et a. (1989), Section 6.2. Chi-Squared CDF with v degrees of freedom is defined as
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where P(a, X) isthe Incomplete Gamma Function defined by the following formula
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where I'(@) isdefined as
I'(a) = I e 't dt
0

The function ¥ (@, X) has an infinite series development given as follows:
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Sometimes it is more convenient to compute the function I'(a, X) , defined as follows:
[(ax)=[e't™dt;  (a>0)
This function has a continued fraction development as follows:
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It isthe case that (1) convergesfast for X < a+1, while (2) converges fast for X > a+ 1. Thus (1) and (2)

together alow for fast and efficient computation of the Incomplete Gamma Function. This algorithm has been used
in the StatsconL ib, described in Section 4 below.

5.2 Algorithm for Computation of Chi-Squared Critical Points

Computation of critical points of the Chi-Squared distribution requires an inversion of its CDF defined in
section 2.1 above, which in turn requires a numerical inversion of the Incomplete Gamma Function. Furthermore, a
corresponding numerical agorithm must be accurate, fast, but simple in order to run in real time over the Internet.
After extensive testing, a 3-step iterative algorithm, described below, was used in the StatsconLib.



Step 1. Wilson — Hilferty approximation (Kennedy (1980), p. 118, Wilson and Hilferty (1931)) is given as follows.
For agivenvalue O< o <1, let Z, beacritical point of the Normal digtribution, i.e.

2
2dx=«a

1 % -
e

For given degrees of freedomv, Wilson —Hilferty approximation of the corresponding Chi-Squared critical point is

given as
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Step 2: Gentleman — Jenkinsrefinement (Thisted (1988), p.322, Gentleman (1968) is given as
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Step 3: Both steps 1 and 2 are iteratively repeated two more times in a compounded way to get improved numerical
precision. For iterative details see the JAV A functionschicr, chigent, chigent2 and chigent4 defined in Section 6, at
the bottom of the Chi-Squared Distribution box. The numerical precision is generally much better than 10 for all

practical values of o and v except for v=1, for which we can get the exact critical point valuesas sz =z /22.

6. JAVA Algorithmsused in the SRC
Normal Distribution:

Probability Density Function (PDF): Used the formula of the normal distribution PDF.

denom = stdev * Math.sqrt(2*3.1415926539);
y = 1/denom * Mat h. exp(-0.5) * Math. pow( ((x-nean)/stdev), 2);

wherey = P(X=x) given a standard deviation (st dev) and amean (mean).

Critical Points: Used Visual Numeric's JNL.
n-crit = nean — stdev * Statistics.inverseNornal Cdf (tail Prob);

Where n-crit isthe critical point and area is the entered tail probability and stdev, mean as above.

Tail Probability: Used Visual Numeric's JNL.

area = Statistics.normal Cdf (mean- (n-crit*stdev));

Where areaisthetail probability and n-crit, mean, and stdev are as above.

Student-T Distribution:

Probability Density Function: Used the formula of the Student-T distribution and the gamma function from JNL.

y = Sfun. gamma((df 1+1)/2)/
( Sf un. gamra( df 1/ 2) * Sf un. ganma( 0. 5) *Mat h. sqrt (df 1)) ;

wherey = P(X=x) given degrees of freedom 1 (df 1) .

Critical Points: Used Visual Numeric’s JNL.
t-crit = Statistics.inverseTCdf (1-area, df1l);

Where t-crit isthe critical point and area is the entered tail probability and df1 is as above.

Tail Probability: Used Visual Numeric's JNL.
area = Statistics.tCdf (t-crit, dfl);

Where areais the tail probability and t-crit, df1 are as above.

Tail Probability: Used Visual Numeric's JNL.

area = Statistics.normal Cdf (mean- (n-crit*stdev));




Where areaisthetail probability and n-crit, mean, and stdev are as above.

Fisher Distribution:

Probability Density Function: Used the formula of the Fisher distribution PDF and the gamma function from JNL.
nunmer = (Sfun.gama((df 1+df2)/2) * Math. pow(df 1/df2, df1/2) *
Mat h. pow( x, (df1/2)-1));

denom = (Sfun.gamma(df1/2) * Sfun.gamma(df2/2) *
(Mat h. pow( (df 1/ df 2) *x+1), (df 1+df2)/2)));
y = nuner/ denom

wherey = P(X=x) given degrees of freedom 1 (df 1) and 2 (df 2).

Critical Points: Used Visual Numeric's INL.
f-crit = Statistics.inverseFCdf (1-area, dfl, df2);

Where f-crit isthe critical point and area is the entered tail probability and df1, df2 as above.

Tail Probability: Used Visual Numeric's INL.
area = Statistics. FCdf (f-crit, df1, df2);

Where areais thetail probability and f-crit, df1, df2 are as above.

Probability Density Function: Used the fomula of the Chi-Squared PDF with gamma function from JNL.
numer = (Math. pow(x, (df1/2)-1)*Math.exp(-x/2));

denom = (Mat h. pow( 2, df1/2)*Sfun. gamma(df1/2));

y = nuner/denom

wherey = P(X=x) given adegree of freedom (df 1).

Critical Points: Used StatsconLib for Chi-Squared CDF and JNL for inverse Normal CDF.

private doubl e chicr(doubl e al pha, double df1l) {
doubl e s;
s = Statistics.inverseNormal Cdf (1-al pha);

return df 1*Mat h. pow( (1(2/ (9*df 1)) +s*Mat h.sqrt (2/(9*df1))), 3);

}

private doubl e chigent(doubl e al pha, double df1l) {
doubl e cr;
cr = chicr(al pha, dfl);
doubl e pchisq = 1-stats.chi Squared(df1, cr);
return chicr(2*al pha-pchisqg, dfl);

}

private doubl e chigent2(doubl e al pha, double df1) {
doubl e cr;
cr = chigent(al pha, dfl);
doubl e pchisq = 1-stats.chi Squared(df1, cr);
return chi gent (2*al pha-pchi sq, df1l);

}

private doubl e chi gent4(doubl e al pha, double df1l) {
doubl e cr;
cr = chigent2(al pha, dfl);
doubl e pchisq = 1-stats.chi Squared(df1, cr);
return chi gent 2(2*al pha- pchisq, df1l);

}

if(df1 > 1)
chirCrit = (al pha - Fx2, df1l);

el se {
s = Statistics.inverseNornal Cdf (1- al pha/ 2. 0);
chiCrit = s*s;

}

Where chi-crit isthe critical point and areais the entered tail probability and dfl is as above.




Tail Probability: Used StatsconLib.

area = 1 - stats.chi SquaredCDF(df1, chi-crit);

Where areais the tail probability and chi-crit, df1 are as above.

7. JAVA Codefor StatsconLib.java:

inmport java.lang. Math;
public class StatsconLib {

public bool ean error;
public String whatError;

//****************************************************‘k***********

I n(ganma(xx)) for xx > 0%

//**************************************************‘k*************

/1 Function gammal n: returns the val ue of

publ i ¢ doubl e gammal n(doubl e xx) {
doubl e x, tnmp, ser;

doubl e cof[] = {76.18009173, -86.50532033, 24.01409822,

0. 536382e- 5} ;

int j;

X = xx - 1.0;
tnmp = x + 5.5;

tnp-= (x+0.5)*Math. | og(tnp);
ser = 1.0;

for(j =0; j <=5; j++) {

X += 1.0;
ser+= cof [j]/x;

}

return -tnp+Math. | og(2.50662827465*ser) ;

}

-1.231739516,

//********************************************************************

/1 Functi on gammal nconpl ete: cal cul ates the inconpl ete ganma fucntion.*

11 P(a, x)

*
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publ i ¢ doubl e gamual nconpl et e(doubl e a, double x) {

doubl e ganser, gammtf, gln;
if(x <0.0 || a<=0.0) {
error = true;

0.120858003e- 2,

what Error = "Invalid use of arguments in function gammal ncponpl ete”;

return -1;

}
if(x < (atl.0)) {
{

int n;
doubl e sum del, ap;

/] Conmpute infinite series (6.2.5) from Nurneri cal

|/ page 171

gln = gammal n(a);
if(x <= 0.0) {
if(x <0.0) {
error = true;

what Error = "x can not be less than 0";

return -1;

}
ganser = 0.0;
return ganser;

}
el se {
ap = a;
del = sum= 1.0/ a;

for(n =1; n <= 100;

ap += 1.0;

n++) {

Reci pes in C



del *= x/ap;

sum += del ;

if( Math.abs(del) < Math.abs(sum*3.0e-7) {
ganmser = suntMat h. exp(-x+a*Mat h. | og(x)-gln);
return ganser;

}
}
error = true;
whatError = "a too large, 100 iterations is too snall for series sunt;
return -1;
}
}
}
el se {
int n;

doubl e gold, g, fac, bl, b0, anf, ana, an ,al, a0;
gold = b0 = 0.0;
fac = bl = a0 = 1.0;

/] Conput e the continued fraction (6.2.6) from Nunerical Recipes in C,
/Il page 171

gln = gammal n(a);
al = x;
for(n = 1; n <= 100; n++) {
an = (double) n;
ana = an- a;
a0=(al+a0*ana)*f ac;
b0=(bl+b0*ana)*f ac;
anf =an*f ac;
al=x*aO+anf*al;
b1l=x*b0+anf*bl,;
if(all=0.0) {
fac = 1.0/ al;
g=bl*fac;
if(Math. abs((g-gold)/g) < 3.0e-7) {
gamcf = Mat h. exp(-x+a*Math.log(x)-gln) * g;
return 1.0-gammcf;

}
gold = g;
}
}
error = true;
whatError = "a too large, 100 iterations for continuous fraction";
return -1;

}

publ i c doubl e chi Squar edCDF(doubl e df, double chi-crit) {
return ganmal nconpl ete(df/2.0, chi-crit/2.0);
}

}

gammaln(double xx) comptes In(gamma(xx)) for xx > 0. From this point, gamma(xx) is calculated using either continued fractions of the series
expansion of gamma(xx). For values of x < a+1, the series expansion was used, otherwise continued fractions were used. For more details, see
Press (1989), pp 168-177.

8. Conclusions

Statistical Resource Center has been used by thousands of students at the University of Calgary registered
in various statistical courses. It has been also accessed by many users worldwide. General student response has been
very positive. Students appreciated mainly connection between the numerical computing and graphical presentation
of numerical concepts as well as possibility to interactively explore various ideas. During critical examinations,
when the students can use either standard software such as Minitab, SAS, SPSS or Statistical Resource Center, a
great majority of students prefer using JAV A interactive graphical applets for their work with statistical
distributions. This occurs despite the fact that using JAV A applets is much slower than using other, command driven
software and despite the fact that the students are working under strict time constraints.
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