Equatorial Waves (continued)

Linearized equatorial beta plane, expanded in vertical eigenmodes,
nondimensionalizedby ¢ 2 and C 112

u yv 0
yu v, 0
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This can be written as Ve Vi Vi YV VY 0

The meridiona dependence is expanded in Parabolic Cylinder functions, for
ameridionally unbounded ocean these become Hermite functions

= 2m 1y 0
dy
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expanding the zonal and meridional dependencein &

yields the dispersion relation
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with three roots. two gravity waves and one Rossby wave
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Solutions: v € y
m, 0 Kk 1 K
i Lot u, p unbounded, and
u p I_Ee m 1 antisymmetric,
required for
Y ana Wave meridionally
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2 k m 1 k m 1
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Gravity and Rossby waves (depending on the frequency)



Kelvin wave

m 1 k

u, p in geostrophic balance
non-dispersive wave

westward traveling root exponentially growing iny and not permissiblein
unbounded ocean, but required for meridionally bounded ocean: coastal
Kelvin wave at northern and southern walls.









L ong wave approximation

Consider k 1, 1 low frequency limit, i.e. no gravity waves
Dynamics: u yv 0
o, 0
u v 0
X y t
Dispersion relation LS 2m 1
m 1 — 1
K
m O
m 1 1







Ocean boundaries:

East-west wall with v = 0:

modify the meridional eigenvalue problem

eigenfunctions are now Parabolic Cylinder Functions
meridionally growing solution permitted: coastal Kelvin waves

North-south wall withu =0

superpose eastward and westward propagating waves to satisfy
boundary condition

permit complex k: coastal Kelvin waves

asymmetry of eastern and western wall



Western wall:

Consider an incoming, westward propagating Rossby wave of mode n with

zonal velocity
u

n n 1 n 1

adjust the amplitude of the eastward propagating wave of mode n to balance
, - Thisleavesthe  contributions of incoming and outgoing

waves. Adjust the amplitude of outgoing Rossby n-2 wave to balance these,

and so on, until the last contribution is taken up by the eastward traveling

Kelvin or Yanal waves.

Thus, on awestern boundary there is no poleward spreading of the signal,

no coastal Kelvin wave generation, and a complete reflection.

An incoming antisymmetric wave (n even) does not generate a Kelvin wave,

the short Y anal wave simply closes the meridional mass transport along the

western boundary.



Eastern wall:

The sum of outgoing, lower meridional modes can not balance the zonal
velocity field of the incoming Kelvin or Rossby wave, since there are no
westward traveling waves akin to the Yanal and Kelvin waves. The velocity
at the zonal wall have to be balanced by the zonal velocity of waves with
ever increasing mode number.

The meridional scale of the reflection increases since the higher meridional
modes have a greater trapping latitude.

Eventually, there are no Rossby waves at the frequency of the incoming
wave, and poleward traveling, coastal trapped waves are excited.



Reflection in the low frequency limit:

Kelvin waves are reflected into long Rossby waves at the eastern wall,
no generation of coastal trapped waves.

At the western wall, the boundary condition becomes dyu O,y,t O
so that mass is conserved. The mass anomaly of the incoming long

Rossby wave is meridionally redistributed by short, eastward

propagating Rossby waves, that by themselves do not prduce a net

zonal mass flux. The mass flux of the incoming wave is taken up by the
outgoing Kelvin wave.



Western boundary condition in the long wave limit

From the dispersion relation, we know that low frequency, long Rossby
waves reflect into short, low frequency waves.
Low freguency, short Rossby waves are governed by
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The waves are non-divergence, and convert azonal flow into the wall to
ameridional transport.

From the continuity equation ., u’dy O

At the western wall Iw Sw Iw






Basin modes

Consider now the equatorial beta plane bounded by awestern wall at x =
0 an eastern wall at x = L. The dispersion relations of the frequency as a
function of wavenumber and meridional mode number isno longer
continuous, but the eigenvalues are discretized. Jin (2001) presented an
elegant solution of the resulting symmetric basin modes (elgenmodes of
the basin) in the long wave limit. In short, Jin (2001) expands the
variables in parabolic cylinder functions, collects the terms for the zonal
and temporal dependence of the amplitude the parabolic cylinder
functionsin both the beta plane equations and the boundary conditions.
After some clever ansatz for the zonal and temporal dependence, Jin
obtains and presents the eigenfunctions.

Jin, J. Clim., 14, 3874-3881, 2001



thermocline depth along
the equator, for
difference eigenvalues

Jin 2001



Thermocline depth Meridional velocity

Jin 2001



In the long wave limit, the basin modes are weakly damped due to the
loss of energy by short Rossby waves involved in the western boundary
reflection.

In the equatorial region, the variations are associated with the slow
westward propagation of off-equatorial Rossby waves . These are
continuously reflected in the equatorial Kelvin wave at the western
boundary. The Kelvin waves in turn excite Rossby waves at the eastern
boundary.

For elgenperiods shorter than the basin crossing time of the Kelvin wave,
the equatorial ocean shows the east-west sloshing of water. However, for
eigenperiods longer than the basin crossing time, the effective equatoria
wave-length is much longer than the basin width. These low frequencies
are possible due to the meridional sloshing of water due to the
participation of off-equatorial Rossby waves.



Extratropical Rossby waves

Consider an off-equatorial betaplane f f vy
u fvg 0
Vv fu ¢ y 0
. H uH v O
X y

Derive an equation inv as before and expand in waves g * !

212 f2 2f y y°
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consider small meridional scale f_y 1 and low frequency T 1
0 0
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coefficients are constant iny






Atmospheric tel econnection and Rossby wave propagation



Rossby waves in aslowly varying medium

Consider the nondivergent barotropic Rossby waves on the sphere,
linearized about a zonal mean flow. In Mercator projection the
horizontal streamfunction is governed by

t um X XX W M X O
2 2 1 d 2
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Plane wave solution € ¥ ' yidds U K u K
M k2 |2

Note that the mean flow and the meridional gradient of absolute
vorticity are not constant, so the plane wave is not an exact solution.

Hoskins and Karoly, J. Atmos. Sci., 38, 1179-1196, 1981



Rossby wave package

To obtain an approximate solution for the amplitude and phase of the

wave, use WKBJ theory, and look for solutions of the form Pye™“
o that , .
u
deIZyP 0,1%y MMl
dy 1 ku,

if the length scale /I is slowly varying dtdy 1

then y y i
Py Ce' "’ , fy IydyEInIy
and
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As the meridional 'wavenumber' [(y) becomes small, the amplitude
Increases. The phase lines are not straight linesfor givent.
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Wave rays

The 'almost-plane’ waves move with the group velocity
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and the ray is aways in the direction of the local group velocity, and energy
propagates along the ray with the speed of the group velocity. Theray is
then given by

a Y

dx u
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Stationary waves
dy |y
dx Kk

Consider the case of zero frequency. The ray path isthen

Along aray, the zonal wavenumber k is unchanged, k = constant, and the
meridiona wave number is , . " He
Y, KS k® | KS —
uM

K

The magnitude of the group velocity is C, 2? Uy

S

Consider a poleward and eastward propagating wave. |If we assume that Kgis
a decreasing function of latitude, along the ray path | decreases, the ray path
becomes more zonally oriented, and the streamfunction amplitude increases.
The latitude where K=k, |=0 provides a turning latitude for the ray
(refraction). Poleward of this latitude the waves are evanescent.

Approaching alatitude y. where uy, is zero, the ray becomes meridional and

the group speed tendsto zero. The wave is absorbed in the presence of
friction.



Example: super rotation
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Hoskins and Karoly 1981















Forced tropical motions

t u yV X X
t v yU y y
t U yv Q

Forcing includes wind stress and diabatic heating, dissipation is
parameterized as Rayleigh friction and Newtonian cooling. Replace the
rate of change with the combination or rate of change and dissipation, and
the algebra remains as discussed previously.
The amplitude of the forcing results from the projection of the stress or
diabatic heating onto vertical modes. It istherefore sensitive to the mixing
parameterization. Asthe ssmplest approach the wind stress forcing
applies as a body force over the mixed layer, the diabatic heating
represents deep convection and is assumed to project onto the leading
mode.



The Y oshida Jet:

Consider and interior ocean independent of x and forced by a constant
zonal wind stress



