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ABSTRACT
Pair statistics are calculated for subsurface � oats in the North Atlantic. The relative diffusivity (the

derivative of the mean square particle separation) is approximately constant at large scales in both eastern
and western basins, though the implied scale of the energy-containingeddies is greater in the west. But the
behavior at times soon after pair deployment is quite different in the two basins; in the west the diffusivity
grows approximatelyas distanceto the 4/3 power, consistentwith an inverse turbulentcascadeof energy(or
possiblyof mixing superimposedon a mean shear), but in the east the diffusivitygrows more slowly, as for
instance in simple stochastic systems. Exponential stretching, expected in an enstrophy cascade, is not
resolved in any region; however, this may re� ect only that the present pair separationsare too large initially.

1. Introduction

A patch of marked � uid advected in a turbulent � ow generally undergoes a complex
evolution, translating and distorting as it goes. In general it is difficult or impossible to
predict such an evolution, so researchers have long recognized that the most sensible
description of turbulent diffusion is a statistical one.

A complete statistical description of turbulent diffusion requires knowing the probability
that marked � uid at a given time can be found simultaneously at n points in space
(Batchelor and Townsend, 1953). The case with n 5 1 concerns ‘‘absolute’’ or ‘‘single
particle’’ statistics and relates to the translation of marked � uid; the case with n 5 2
concerns ‘‘relative’’ statistics and relates to distortion. In practice, one quanti� es the n 5 1
and n 5 2 statistics using single particles and pairs of particles, respectively. And while
higher order moments are also possible (requiring triads of particles, and so on), the � rst
two are the most accessible with typical geophysical data sets.

Under a variety of conditions, the absolute dispersion (the mean square particle
displacement from its starting position) exhibits generic tendencies (Batchelor and
Townsend, 1953): it increases quadratically in time initially and linearly in time after the
Lagrangian integral time (Taylor, 1921; Batchelor and Townsend, 1953; Babiano et al.,
1987; Rupolo et al., 1996), implying a constant diffusivity (the time derivative of the
dispersion) after the integral time; in such cases, the diffusivity is said to ‘‘exist.’’ Oceanic
� oat data are most often analyzed in terms of absolute statistics, in particular to determine
regional means, variances and diffusivities (e.g. Davis, 1991).
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Relative (pair) dispersion is harder to predict a priori. Particles deployed close together
generally separate on average, but the rate of separation often depends on the magnitude of
the separation itself. Fluid dynamicists recognized that this latter fact is actually advanta-
geous because relative dispersion can in principle shed light on the physics at different
scales. Relative dispersion is much less familiar in the oceanic context than is absolute
dispersion, and we have little idea of how pairs of � oats ought to behave.

A broad overview of the theoretical predictions for two particle statistics and of existing
observations is given by Bennett (1987). Babiano et al. (1990) discuss relative dispersion
in the context of two-dimensional turbulence, with numerical results to illustrate different
types of behavior. A brief overview of the various predictions are presented in the
following section, but for more detail the reader is referred to the aforementioned works.

a. Theoretical expectations

Early theoretical work on pair statistics exploited turbulence theory. In turbulence, energy
cascades to different scales: to smaller scales in three dimensions and to larger scales in two
(e.g. Batchelor, 1960). If one assumes the rate of energy transfer between source and sink
(dissipation) is constant (Kolmogorov, 1941) and further that the turbulence is homogeneous
and isotropic, dimensional arguments (Batchelor, 1952) suggest a relative diffusivity:

K (2) ;
1

2

d

dt
7 D2 8 5 e t2f 1 D0

e 1/2t3/2
,
te 1/2

n 1/2 2 (1)

where 7 D2 8 is the mean square particle separation over an ensemble of pairs, t the time since
pair deployment, D0 the initial separation and e the energy dissipation rate (with units
L2/T 3). With 3D turbulence, n is a molecular viscosity. At scales greater than those where
dissipation occurs, that is in the so-called energy ‘‘inertial’’ range, the diffusivity is
presumedly independent of n , yielding f 5 f (D0 � e 1/2t3/2).

Soon after deployment, particles separate with an approximately constant velocity (imag-
ine a Taylor expansion in space of the Eulerian velocity), which implies the mean square
separation increases quadratically and the diffusivity linearly in time. Then (1) reduces to:

K (2) ~ t(e D0)2/3. (2)

Later on the dependenceon the initial separation will be lost, so that f 5 const. and K (2) ~
e t2, or:

K (2) ~ e 1/3( 7 D2 8 )2/3. (3)

This is the well-known ‘‘4/3 law,’’ deduced originally by Richardson (1926), as discussed
below.

Alternately, one can measure the mean square separation velocity; in the asymptotic
limit at which the dependence on D0 is lost, this is:

7 1 dD

dt 2
2

8 ~ e t. (4)
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In 3D turbulence there is only the energy cascade, but in 2D turbulence there is a
simultaneous cascade to smaller scales of enstrophy (or vorticity squared; Kraichnan,
1967; Batchelor, 1969). Assuming the enstrophy transfer rate is constant and equal to the
dissipation rate, the diffusivity is:

K (2) ~ h 2/3t7 D0
2 8 , (5)

soon after deployment, and

K (2) ~ h 1/3 7 D2 8 , (6)

after the dependence on the initial separation has been lost (Kraichnan, 1966; Lin, 1972;
Bennett, 1987; Babiano et al., 1990). Here h is the enstrophy dissipation rate, with
dimensions of 1/T 3. The fact that h is independent of the length scale yields an essential
difference with the energy cascade case in the long time limit; however, with both types of
cascade, the initial temporal growth of the diffusivity is linear.

Eq. (6) implies an exponential growth of particle separations:

7 D2 8 ~ exp ( h 1/3t) (7)

and a similar growth in the mean square relative velocities.Again, such growth occurs in
the asymptotic limit in which D0 is forgotten, which means it can be hard to observe
(Babiano et al., 1990; Sec. 4b(ii)). Incidentally, exponential divergence is a well-known
feature of chaotic � ows (e.g. Guckenheimer and Holmes, 1983).

Ultimately, pair separations reach the scale of the energy-containing eddies, LE, and the
individual particle velocities become uncorrelated. Assuming homogeneity, the mean
square relative velocities then are just twice the mean square particle velocities, for
instance in the zonal direction:

7 1 dD1

dt 2
2 8 5 7 (ui 2 uj)2 8 5 7 u i

2 8 2 2 7 uiuj 8 1 7 u j
2 8 < 2 7 u i

2 8 (8)

where ui are the individual zonal velocities. With decorrelated velocities, the relative
diffusivity, K (2), is constant and equal to twice the absolute diffusivity, K (1) (the time
derivative of the absolute dispersion; see Sec. 2).

Relative dispersion is the second moment of pair displacements, but more fundamental
statistically is the probability density function (PDF) of the displacements; given the PDF,
one may calculate all moments (e.g. Mandel, 1984). Relative dispersion in both an energy
and an enstrophy cascade produces non-Gaussian PDF’s (Richardson, 1926; Sullivan, 1971;
Bennett, 1987). Non-Gaussian PDF’s are usually indicative of organized � ow, and decorre-
lated pair velocities conversely are expected to produce Gaussian PDF’s (Bennett, 1987). So
the PDF is potentiallyan importantmeasure for assessing the character of relative dispersion.

b. Previous dispersion observations

Richardson (1926) famously � rst measured relative dispersion by observing smoke
spreading from smokestacks. His results were consistent with a relative diffusivity
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which increased with distance and was proportional to distance to the 4/3 power,
as in (3).

Similar behavior has been observed at the ocean surface. Richardson and Stommel
(1948) and Stommel (1949) used parsnips, � ourescine dye and paper cards to deduce an
approximate D4/3 dependence for the diffusivity at scales from 50 cm to 100 m. Okubo
(1971) examined the spreading of dye from various experiments, primarily in the North
Sea, and found the 4/3 law for dispersion on scales 100 m to 100 km. Similar results were
found also by Anikiev et al. (1985).

Davis (1985) calculated relative diffusivities as a function of distance using surface
drifters in the California current. His diffusivities increased up to about 30 km, but did not
exhibit a power law dependenceon distance and moreover appeared to change in time. The
reason for the difference with the previously mentioned results is unknown.

In the 1970’s there were two large experiments in the atmosphere in which balloons were
launched in pairs. In the � rst (the EOLE experiment, at 200 mb), the mean square pair
separation increased exponentially in time early on and linearly in time thereafter, or at
scales exceeding 1000 km (Morel and Larcheveque, 1974). Were the atmosphere a 2D
turbulent � uid, this would imply an enstrophy cascade below an energy-containingscale of
order 1000 km. Exponential growth was also detected in the second experiment (the
TWERLE experiment, at 150 mb) at early times, but the subsequent growth was faster-than-
linear, and perhaps as fast as t3, up to 10,000 km (Er-El and Peskin, 1981). The authors
suggested a transition from an enstrophy to an energy inertial range (the reason for the
discrepancy with Morel and Larcheveque is unclear, but may be related to a mean shear;
see Bennett (1987) and Sec. 4c).

Relative dispersion calculationsusing data from the subsurface ocean are rare. Jim Price
calculated relative diffusivities using SOFAR � oat data from the Local Dynamics Experi-
ment (LDE; Rossby et al., 1986b) in the western North Atlantic (a � gure he made is shown
in McWilliams et al., 1983). Price found that K (2) ~ Dn where 4/3 # n # 2, from scales of
roughly ten to several hundred kilometers.

Likewise, few investigators have calculated relative displacementPDF’s, and even those
results are somewhat mixed. Sullivan’s (1971) measurements of dye spreading at the
surface of Lake Huron produced Gaussian PDF’s for displacements over hundreds of
meters. But the surface drifters described by Davis (1985) exhibited a non-Gaussian
distribution soon after deployment and normal statistics later on (suggesting pair velocities
were correlated only initially). Er-el and Peskin (1981) similarly found non-normal
distributions � ve days after the deployment of the TWERLE balloons, or during the period
of exponential growth; however, they did not check the distributions later on.

c. Present work

We will examine relative dispersion with subsurface � oat data. Data from the Local
Dynamics Experiment will be re-examined, and augmented by data from the Site L
experiment (Price et al., 1987). New data will also be analyzed, from the eastern and
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centralAtlantic (A Mediterranean Undercurrent Seeding Experiment or AMUSE; Bower et
al., 1997; Hunt et al., 1998; and the Atlantic Climate Change Experiment or ACCE; Bower
et al., 1999) and from the northwestern Atlantic (the North Atlantic Current or NAC
experiment; Zhang et al., 2000). A number of � oats in these experiments were deployed in
pairs and, though the sample size is still modest by theoretical standards (Babiano et al.,
1990), this is the best one can do at present.

2. Data and methods

Our trajectories come from subsurface � oats. These are neutrally buoyant subsurface
drifters, ballasted for a speci� c pressure or density surface and tracked acoustically using
the deep sound channel. Position � xes, as well as temperature and pressure measurements,
were made from 1–3 times per day (e.g. Rossby et al., 1986a).

The � oat trajectories are shown in Figure 1. The boxes in the � gure indicate four regions
to be discussed, that of the AMUSE experiment in the east, the LDE (Rossby et al., 1986b)
and Site L experiments in the west, the NAC experiment in the northwest and the ACCE
experiment in the east/central region. Pairs were sought in other data sets too, but no other
yielded as many as these � ve sets.

Both the Site L and LDE experiments had � oats at 700 m in the same region, so those
data were grouped together (and referred to as the ‘‘Site L set’’). There are additional � oats
at 1300 m from the LDE set, and they will be treated separately (the ‘‘LDE1300 set’’). The
ACCE and NAC regions overlap, but the latter has a greater concentrationof � oats near the
western boundary.

The � oats used in the AMUSE, LDE and Site L experiments were isobaric or constant
depth, but those in the NAC and ACCE experiments were quasi-isopycnal2 and thereby
occupied a range of depths. The current thinking is that isobaric and isopycnal � oats
behave similarly outside boundary currents (Davis, 1991). Of course, a number of � oats in
the NAC and Site L regions are in boundary currents. However, a recent statistical analysis
which included both isobaric and isopycnal � oats, including the NAC and Site L � oats,
showed no systematic differences (LaCasce, 2000). So no distinction is made between the
different � oat types (see also Sec. 2a).

The � rst task is to identify � oat pairs. A pair is taken to be any two � oats which come
within a prede� ned distance at a given time. Thus ‘‘chance pairs’’ are used in addition to
those deployed together (‘‘original pairs’’), which effectively doubles the sample size in
some of the sets. The same tactic was employed by Morel and Larcheveque (1974) and
Er-el and Peskin (1981), and neither found systematic differences between the pair types.

Three different maximum separations were used for identifyingpairs: 7.5, 15 and 30 km.
The smaller the maximum initial separation, the greater the range of scales sampled, but

2. The � oats have a piston which permits them to change their compressibility, which in turn makes them
approximately neutrally buoyant.
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also the smaller the sample size. The numbers of pairs as a function of initial separation are
tabulated in Table 1.

As can be seen, the AMUSE set has the most pairs and the LDE1300 the fewest. The
other three sets have comparable numbers. Note the temporal resolution of the data was
one day in most cases, but 8 hours for the AMUSE data and 12 hours for the NAC data. The
quasi-isopycnalNAC � oats were deployed on two density surfaces, s 5 27.2 and s 5 27.5
(typically 200 m apart), and only pairs of � oats on the same density surface were used.

Once a pair was located, the zonal and meridional separations were calculated for a � xed
number of days (50). Taking a uniform record length like this makes for smoother
averages, but necessitated discarding a few ‘‘chance’’ pairs which came into range near the
end of one of the � oat’s lifetimes. Including those partial segments did not change the
results, within errors.

After the pairs were identi� ed, we calculated various quantities. The mean square

Figure 1. Pair trajectories used in this work. The boxes indicate the individual experiments which
are, from right to left, AMUSE, ACCE, NAC and Site L/LDE. Note the LDE1300 and Site L sets
are in the same box; the former are mostly in the cluster in the lower left portion of the box. These
represent 50 day segments of longer � oat trajectories.
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separation is the dispersion; one may de� ne the dispersion tensor (Batchelor, 1952) thus:

7 D ij
2(t) 8 ;

1

N o
pairs

yi(t) yj(t) (9)

where yi is the separation in the zonal (i 5 1) or meridional (i 5 2) direction and N is the
number of pairs. The trace of this matrix is the ‘‘total’’ relative dispersion:

7 D2 8 ; 7 D11
2 8 1 7 D22

2 8 . (10)

For comparison, the absolute (single particle) dispersion is de� ned:

7 X ij
2 (t) 8 ;

1

M o
particles

(xi(t) 2 7 xi(t) 8 )(xj(t) 2 7 xj(t)8 ), (11)

where xi is the particle displacement from its initial position and M the number of particles.
Single particle dispersions were also calculated; no mean � ow corrections were made
(Davis, 1991), but mean � ow effects will be discussed.

Assuming the relative displacementsare normally distributed, the 90% con� dence limits
for the dispersion are de� ned as (e.g. Mandel, 1984):

7 D ij
2(t) 8 1 1 6 z 1 2N 2

1/2

2 (12)

with z 5 1.65 (assuming N is sufficiently large). Most sets have displacement statistics
which are nearly Gaussian (Sec. 3h), so such con� dence limits are reasonable.

Given the relative dispersion, one can de� ne a relative diffusivity:

K ij
(2)(t) ;

1

2

d

dt
7 D ij

2(t) 8 ; (13)

similarly K (1), the single particle diffusivity, is the derivative of the absolute dispersion,
given in (11). We calculated the diffusivities by center-differencing the dispersions.

Table 1. Float experiments with numbers of pairs. The numbers of pairs as a function of initial
separation are shown in the second through fourth columns. In the � fth are the total number of 50
day trajectory segments in the area (see Fig. 9). The temporal resolution is shown in the sixth, and
the rms zonal/meridional velocities (units m/sec) in the seventh.

Experiment Depth D0 # 7.5 D0 # 15 D0 # 30 50 day
d t

(days)
rms (u/v),
D0 # 15

AMUSE 1000 m 28 54 89 122 1/3 .060/.060
ACCE 400–800 m 14 22 50 616 1 .055/.051
NAC 100–900 m 19 38 81 105 1/2 .31/.32
Site L (1 LDE) 700 m 14 33 75 222 1 .10/.083
LDE1300 1300 m 4 14 37 62 1 .054/.068
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We will also examine the mean square relative speeds, or:

7 1 dDi

dt
(t) 2

2

8 ;
1

N o
pairs

1 ddt
yi(t) 2

2

, (14)

where the single subscript, i 5 1, 2, indicates displacements in the zonal and meridional
directions, respectively.As noted in Section (1a), the mean square relative velocity is twice
the mean square particle velocity when pair velocities are uncorrelated. So we normalize
the relative velocities in (14) by the latter (see Sec. 3g).

A potential shortcoming of the relative dispersion calculation relates to averaging pairs
with a range of separation distances. Given that distance is the fundamental quantity of
interest, one could choose instead to make it the independent variable and time the
dependent variable. This is the idea behind so-called � nite scale Lyapunov exponents
(FSLE’s), in use recently in the study of chaotic and turbulent � ows (Benettin et al., 1980;
Aurell et al., 1997; Artale et al., 1997). We calculated FSLE’s, but the results broadly
supported our dispersion calculations (Appendix).

a. Vertical shear

Vertically-sheared currents can cause horizontal dispersion among � oats at different
depths.A typical value of the shear in the geostrophic mean in the western North Atlantic at
1000 m depth is 1 mm/sec over 100 m (Roemmich and Wunsch, 1985), so that two � oats
separated by 100 m of depth will drift roughly 100 m apart over a day. Since typical � oat
velocities are an order of magnitude larger, this is a small difference; in fact, 100 m is
smaller than the uncertainty in an individual � oat position.The shear in the mean in the east
is even less (Saunders, 1982).

The mean shear in the Gulf Stream is of course much greater, and can be as much as
10 cm/sec over 100 m at 700 m depth (Johns et al., 1995). There are several instances of
� oats in the Site L set being entrained by the Gulf Stream; likewise, some � oats in the
western portion of the NAC region were advected by the North Atlantic Current, which has
comparable baroclinic shear (Meinen et al., 2000). So vertical shear may be an issue in
the west.

These estimates are for the mean � ow, but a better measure would be the shear of the rms
velocities. Unfortunately the latter is typically not known with precision (current meters
have instruments separated typically by several hundreds of meters), so we can say little
about this.

To � nd evidence of vertical shear effects, we plotted pair trajectories from the western
regions alongside of pressure records for the individual � oats. Were shear important, one
might expect pairs with greater pressure differences to separate faster. But this was not the
case. For example, two � oats separated by 100 m depth might travel together for 10 days,
whereas two within 10 m separate after only 2 days. Furthermore, strong vertical shear
would presumedly produce differences between isobaric and isopycnal � oats, because the
latter are better at tracking � uid parcels; but the results from the NAC and Site L regions
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are similar. So we suspect that dispersion due to vertical shear is probably much less than
that due to horizontal shear (see also Sec. 4c).

3. Results

The regional results are presented � rst, beginning in the east and working westward. In
each region, the results are displayed in one � gure, with the following format (e.g. Fig. 2):
in the upper left panel are the componentsof the relative dispersion tensor for the pairs with
D0 # 15 km, the zonal and meridional as well as the cross term, ~ y1 y2, with their 90%
con� dence limits. In the upper right panel are the absolute dispersions for the correspond-
ing individual � oats with their 90% con� dence limits. And in the lower panel are the total
relative diffusivities as a function of distance for the three maximum initial separations
(along with the absolute diffusivity, K (1), multiplied by two, for comparison).

a. AMUSE

The � oats in the AMUSE experiment lie just off the Iberian coast, in the eastern North
Atlantic (Fig. 1). The � oats were deployed in the Mediterranean out� ow, frequently in
pairs and occasionally in triplets. Most were between 1000 and 1200 m depth, but a few
were shallower, at 700 m depth. Nearly identical results were obtained with and without
the 700 m � oats (consistent with weak vertical shear), so the latter were included.

The zonal and meridional relative dispersions (Fig. 2, upper left panel) exhibit nonlinear
initial growth, followed by approximately linear growth after 10 to 15 days. The cross
relative dispersion is decreasing slightly, but is mostly not different from zero. The absolute
dispersions (right upper panel) appear to grow linearly in time after only the � rst few days.

The meridional relative dispersion is more than twice the zonal dispersion (and
signi� cantly different). The absolute dispersion is also meridionally anisotropic, although
less so. Note too that the meridional relative dispersion is larger than its absolute
counterpart.

This meridional anisotropy can be contrasted the zonal anisotropy of the (absolute)
dispersion in the nearby interior found by Spall et al. (1993), or the weak diagonal
anisotropy in the NW-SE direction described by Ollitrault and Colin de Verdiere (2000).
The present anisotropy can be traced to � oats moving northward along the Iberian coast.
Recalculating the dispersion using only chance pairs in the interior yields a dispersion
which is statistically isotropic (although why it is not zonally- or diagonally-enhanced is
not known).

The total (zonal 1 meridional) diffusivities are shown in the lower panel for the three
maximum initial separations, and are plotted against 7 D 8 , the mean distance.3 For all
separations, the diffusivity increases up to a scale of roughly 50 km; it is approximately
constant thereafter and equal roughly to twice the absolute diffusivity. The absolute

3. Bennett (1987) reminds us that ( 7 D2 8 )1/2 Þ 7 D 8 and that potential differences exist using one or the other. We
plotted diffusivity against both quantities but obtained nearly identical results.
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Figure 2. Statistics in the AMUSE experiment. In the upper left panel are the relative dispersions in
the zonal (x), meridional (o) directions as well as the cross zonal/meridional dispersion (.). The
90% con� dence limits are indicated by the small dots. In the upper right panel are the single
particle dispersions in the zonal (solid) and meridional (dashed) directions for the individuals in
the pairs. At the bottom are the relative diffusivities vs. mean separation distance for various
maximum initial separations: D0 # 7.5 km (dash-dot), D0 # 15 km (dashed) and D0 # 30 km
(solid). The dots indicate twice the absolute dispersion for the individuals plotted against the rms
distance from the starting position.



diffusivity (calculated with linear � ts to the dispersion curve and its errors) is 3.3 6 0.8 3
103 m2/sec, which compares reasonably well with the zonal diffusivity in the interior of
K11 5 2.1 3 103 m2/sec of Spall et al. (1993) and with the isotropic diffusivity in the
Canary Basin of 1.7 3 103 m2/sec of Ollitrault and Colin de Verdiere (2000).

At small scales, the diffusivities exhibit an approximate power law dependence, with
K (2) ~ Dn, with 2/3 # n # 1. The increase is de� nitely less than either D4/3 from (3), or D2

from (6). Because the diffusivities do not level off before 50 km or more, one sees similar
behavior with all three maximum initial separations.

b. ACCE

The ACCE region is in the central North Atlantic, straddling the mid-Atlantic ridge
(Fig. 1). The sets contains many � oats but few pairs, yielding a smaller sample size than in
the AMUSE set.

The dispersion results (Fig. 3) are noisier but broadly similar to those in the AMUSE
region. Both relative and absolute dispersions increase linearly in time (within error) after
roughly 10 days, and the cross term is zero. Note the dispersion is isotropic, and that
relative and absolute dispersions are of similar magnitude. This is different than with the
full AMUSE set, but similar to the interior portion of the latter (not shown).

The relative diffusivities for all initial separations increase to roughly 50 km and, though
noisy, level off at larger scales. They are comparable to twice the absolute diffusivity at
large scales, which is 2.8 6 0.8 3 103 m2/sec or about the same as in the AMUSE region.
At small scales the diffusivity scales approximately as D1, like in the AMUSE region.

c. NAC

The NAC � oats are in the Newfoundland Basin, that is, between the Grand Banks and
the mid-Atlantic ridge (Fig. 1). The North Atlantic Current and its associated eddies
dominate the � ow (Zhang et al., 2000), and the region is richly energetic.

A striking aspect here (Fig. 4) is that the relative dispersion is substantially greater than
in the previous sets (see also Fig. 7 below), re� ecting much more vigorous stirring. And
while the absolute dispersion appears to increase linearly after 5–10 days, the relative
dispersion exhibits nonlinear growth over most of the 50 days. As before, the relative
dispersion cross term is not different from zero.

Both the relative and absolute dispersion are isotropic. With a strong boundary current
nearby, it is perhaps curious that this is so; judging from the trajectories, it appears that the
� oats in these pairs did not remain long near the boundary, but instead veered off into the
basin interior (Fig. 1). In fact, this may explain why vertical shear appears to be relatively
unimportant here (Sec. 2a and Sec. 4c).

The relative diffusivities also are much larger than in the previous sets but, interestingly,
the increase of diffusivity with distance is faster than before and is consistent with a D4/3

dependence.Moreover, the scale at which the diffusivity levels off, roughly 100–200 km, is
larger than in the previous sets, implying larger energy-containing eddies. At the largest
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Figure 3. Statistics for the ACCE set. See Figure 2 for details.
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Figure 4. Statistics for the NAC set. See Figure 2 for details.
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scales, the relative diffusivity is roughly equal to twice the absolute diffusivity, which is
2.2 6 0.75 3 104 m2/sec.

d. Site L and LDE 700

The Site L and LDE � oats are to the south, and south of the mean position of the Gulf
Stream (Fig. 1). This is another region known to be rich in eddies. Some � oats translate
rapidly eastward, presumedly under the in� uence of the Gulf Stream, but most are not so
obviously affected.

The relative and absolute dispersions are comparable to those from the NAC region
(Fig. 5). Like with the NAC set, the zonal and meridional relative dispersion exhibit
nonlinear growth, at least until about day 20; thereafter, the growth is approximately linear.
Different from the NAC set is that the absolute dispersion is three times greater in the zonal
direction than in the meridional. This may imply large scale zonal advection.4 Again, the
cross relative dispersion term is not different from zero.

The relative diffusivities are roughly constant at scales greater than 100–200 km, but
somewhat less than twice the absolute diffusivity due to the large zonal absolute diffusivity.
The (total) absolute diffusivity at large scales is roughly 1.6 6 0.6 3 104 m2/sec, somewhat
less than in the NAC region. But as with the NAC pairs, the Site L diffusivity increases
approximately as D4/3 at scales smaller than 100 km.

e. LDE 1300

The last set contains � oats in the same region but 600 m deeper, below the main
thermocline. This set has the smallest number of pairs and hence noisier statistics, but is
included nevertheless for comparison.

The relative dispersion increases over the 50-day period and is isotropic (Fig. 6). The
absolute dispersion is similarly isotropic, within the errors.

Interestingly, the cross term of the relative dispersion is signi� cantly different from zero
after day 30, suggesting zonal and meridional velocities are correlated. Examining the
trajectories, one � nds that most of the � oats were moving back and forth along an axis
tilted with the horizontal. The apparent cause was a 300 km scale Rossby wave which
advected � oats back and forth across f /H contours, which are similarly tilted (Price and
Rossby, 1982).

One can eliminate the correlation by calculating the relative dispersions with respect to
rotated coordinate axes. It turns out the cross term vanishes with a (counterclockwise) axis
rotation of about 45 degrees, which is approximately perpendicular to the f /H lines. Under
this rotation the relative dispersion is no longer isotropic, but instead greatest across f /H
contours (see also Section 4d).

The relative diffusivity increases over the range of scales sampled (up to roughly
100 km), although the relative diffusivity at late times is highly uncertain. The D0 # 30 km

4. Unlike relative dispersion, absolute dispersion is not Gallilean invariant.

876 Journal of Marine Research [58, 6



Figure 5. Statistics for the Site L set. See Figure 2 for details.
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Figure 6. Statistics for the LDE 1300 set. See Figure 2 for details.
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diffusivity reaches a value somewhat less than twice the absolute diffusivity, but it’s not
clear it has leveled off. The absolute diffusivity is roughly 3.5 6 1.5 3 103 m2/sec, or
somewhat less than at 700 m, but comparable to that in the AMUSE and ACCE regions.
The diffusivities do not exhibit a simple power law behavior, but the growth appears
somewhat less than D4/3.

f. Comparing dispersion

To examine regional variations, we now consider the � ve sets together; log-log plots of
the total relative dispersion for all the D0 # 15 km pairs are shown in Figure 7. The error
bars indicate the 90% con� dence limits for the ACCE set, and give a rough idea of the
uncertainties in the other sets.

The results in all cases are broadly consistent with nonlinear initial growth followed by
linear growth, with a transition at around 10 days. The major difference is in the
magnitudes of dispersion, with much greater spreading occurring in the two western sets.

Figure 7. The total relative dispersion with D0 # 15 km for all experiments. The 90% con� dence
limits for the ACCE set are indicated by the bars.
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The Site L group stands out, with its slow initial growth followed by an explosive increase
between 5 and 20 days. The NAC pairs experience a similarly violent growth, but spread
out over a longer period, from a half day to 10–20 days.

The absolute dispersions for the individuals in the D0 # 15 km pairs are shown in
Figure 8. Here too, one � nds similar behavior among the sets which moreover � ts the
classical description: an initial growth quadratic in time followed by linear growth, with a
transition occurring around the Lagrangian integral time (e.g. Batchelor and Townsend,
1953). The Site L set again stands out, with an intermediate ‘‘anomalous’’ phase; this may
re� ect the in� uence of elliptical � ow structures, like vortices (Elhmaidi et al., 1993).
However a similar phase is not found with the NAC pairs, which also lie in an eddy-rich
region.

Curiously, the ACCE, AMUSE and LDE1300 sets have essentially identical absolute
dispersions (and, therefore, diffusivities). This is somewhat surprising, given the difference
in locations and depths. But then the pairs may not be representative of their respective
regions. To address this, the absolute dispersions were found for all � oats from each

Figure 8. The single particle dispersions for the individuals used in Figure 7. Quadratic and linear
growth rates are indicated by the lines.
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experiment (not just the pairs). All trajectories were broken into 50-day segments which
were treated as statistically independent (a reasonable assumption, given the Lagrangian
time scale is less than 20 days everywhere). The numbers of segments are shown in column
5 of Table 1. The absolute dispersion curves, with the ACCE 90% con� dence limits are
shown in Figure 9. Note the latter are smaller than those in Figure 8 because there is more
data here.

The general agreement between Figures 8 and 9 suggest the pairs are in fact representa-
tive. However, there are notable differences. For one, the dispersion is slightly different in
the AMUSE, ACCE and LDE1300 sets, with greater dispersion occurring as one moves
east to west; this is perhaps more sensible than having the same dispersion in the three
regions, given what we know about the eddy energy distribution in the North Atlantic (e.g.
Wunsch, 1981).

Secondly, the absolute dispersion in the LDE1300 set mirrors that in the Site L set. In
fact, multiplying the LDE1300 dispersion by four yields a curve indistinguishablefrom the

Figure 9. The single particle dispersions for all � oats in the respective regions.The trajectories have
been cut into 50-day segments for this calculation. Note the sample sizes are greater in this case,
which is re� ected by the smaller (ACCE) error bars.
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Site L dispersion curve. Both exhibit the ‘‘anomalous’’ growth seen in Figure 8 for the Site
L � oats. Of course, similar absolute dispersion does not imply similar relative dispersion,
but it is at least possible the relative dispersion at 1300 m and 700 m could have been more
alike had we had more pairs at 1300 m.

But for these differences, Figures 8 and 9 essentially agree. In addition, the zonal/
meridional anisotropy for each of the larger sets mimics that seen for the pairs, suggesting
the pair results are representative in that regard too.

g. Mean relative velocities

As a further comparison, we also examined the mean relative velocities.The motivation
here is to discover whether pair velocities are correlated and/or accelerating at any time
(Sec. 1a).

Plotted in Figure 10 are the zonal and meridional mean square relative velocities from
each set. As noted earlier, each component has been normalized by twice the single particle
velocity variance in the same direction; a value of one suggests decorrelated pair velocities,
from Eq. (8), assuming the � ow is (locally) homogeneous.

In the AMUSE set, the normalized velocities oscillate about 1 the entire time. The same
is approximately true for the ACCE set. So the pair velocities are decorrelated over most of
the 50-day period for both sets. (This is not inconsistent though with relative dispersions
growing over the � rst 10 days; see Sec. 4a).

The Site L and NAC sets in contrast exhibit a growth in relative velocities over the � rst
10 days and possibly longer, indicating accelerating pair velocities; thereafter the normal-
ized variances are near unity. Notice that the NAC pairs exhibit a more rapid acceleration
over the � rst 10 days, which may be related to the difference in relative dispersion from the
Site L set seen in Figure 8.

Strangest of all is the LDE1300 set, in which the velocities have variances well below
unity for the whole period.As noted in Section 3e, the LDE1300 relative diffusivities never
quite level off, which also is consistent with correlated velocities. But unlike the Site L or
NAC cases, there is little hint of acceleration. The relative velocities with respect to
coordinate axes rotated by 45 degrees (not shown) similarly never reach unity, but the
velocity in the direction across f /H shows greater variance than that along.

h. Displacement distributions

Lastly, we consider the pair displacement PDF’s. As noted in Sec. 1a, non-Gaussian
PDF’s may indicate organized � ow, and such PDF’s are found with either an energy or an
enstrophy cascade (Bennett, 1987). The kurtosis (the fourth order moment) is a common
means of characterizing the shape of a PDF; Gaussian distributionshave a kurtosis of three,
and larger kurtoses indicate extended ‘‘wings’’ (an excess of outliers).

Histograms of the displacements were found for all sets and at all times during the
50-day period, and the kurtoses calculated (Fig. 11). To correct for lateral inhomogeneities,
one should normalize the displacements using local (binned) rms velocities (see Bracco et
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Figure 10. The relative zonal and meridional velocity variances vs. day for all cases. The variances
have been normalized by twice the single particle variances, so a value of unity indicates the
relative velocities are decorrelated.
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al., 2000); we did not do so. But the trajectories in all � ve cases lie in relatively compact
regions; such normalization would be necessary if one were to calculate kurtoses for all the
sets combined.

The results in Figure 11 are somewhat noisy, but the general pattern is clear. The
AMUSE, ACCE and LDE1300 kurtoses are not signi� cantly different from three for nearly
the entire period, though the AMUSE kurtoses are somewhat elevated in the � rst days. In
contrast, the NAC and particularly the Site L sets exhibit larger kurtoses during the � rst
20 days, before falling to three thereafter. The relevance of this is discussed below.

It’s worth noting that a kurtosis near 3 does not guarantee decorrelated velocities. The
LDE1300 kurtoses are generally near 2, but the relative velocity variances (Sec. 3g) are
less than one, which is counter to expectation for decorrelated velocities. In fact the
LDE1300 distributionsare closer to a uniform than a Gaussian distribution, and the former
has a kurtosis just less than 2.

Figure 11. The kurtoses of the relative displacements versus time for all sets. Note a value of three
corresponds to a Gaussian distribution.
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4. Discussion

How do the present results compare with theoretical predictions? We address this by
considering relative dispersion in several idealized cases, as follows.

a. Stochastic mixing

What if � oat advection were simply a stochastic process? Consider a simple Markov
model of particle advection, in which the Lagrangian acceleration is a combination of
decay and white noise:

dui 5 2
1

Ti
uidt 1 nidW, (15)

where Ti is the Lagrangian time scale, ni a noise amplitude and dW an incremental Wiener
process (e.g. Sawford, 1993; Griffa et al., 1995). Particles in such cases exhibit ‘‘classical’’
absolute dispersion: an initial growth proportional to t2 followed by a linear growth after
the Lagrangian integral time (Batchelor and Townsend, 1953). The absolute diffusivities
thus grow as D1 initially and are constant at larger scales, with the transition occurring at
LE ; 7 ui 8 Ti (the product of the rms velocity and the Lagrangian time scale). Because particle
velocities are uncorrelated in space, the relative velocity variances equal twice the absolute
velocity variances at all times, that is, even during the initial period. And presuming the
‘‘noise’’ is Gaussian, the pair displacements will be normally distributed.

The eastern sets (AMUSE and ACCE) exhibit behavior along these lines. The relative
velocities are essentially decorrelated at all times, and the diffusivities increase like D1

initially and are constant at late times. One difference is that the relative dispersion is twice
the absolute dispersion at late times for the stochastic case, and while this is apparent for
the meridional dispersion in the AMUSE set (Fig. 2), it is not for the zonal dispersion nor
for the ACCE dispersions (Fig. 3). Taking errors into account though, a factor of two
difference is plausible.

Because LE is proportional to the rms velocity, more energetic � ows have larger
energy-containing scales. This then is consistent with larger scales in the west (Table 1).
However, because the western relative velocities are correlated initially and the growth of
diffusivity with distance too rapid, we suspect the stochastic explanation is insufficient
there.

b. 2-D Turbulence

i. Initial growth. Were the ocean like homogeneous 2-D turbulence locally, we would
expect certain dispersive behavior (Sec. 1a). For one, the initial temporal growth of the
dispersion in either an enstrophy or an energy cascade would be quadratic in time. Babiano
et al. (1990) show:

7 D2 8 < D0
2 1 2S(D0) t2 as t ® 0 (16)
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where S(D0) is the second order Eulerian structure function, and suggest such growth can
persist up to the Lagrangian integral time, which is proportional to the inverse square root
of the mean enstrophy (Babiano et al., 1987).

The Lagrangian integral time in all cases is on the order of days, but is somewhat longer
in the east than in the west (approximately 10 and 5 days, respectively); so there is a greater
chance of seeing such initial growth in the east. A quadratic growth of dispersion implies
diffusivity grows linearly with both time and distance, and such was seen for the ACCE set
and possibly the AMUSE set. Again though, the ACCE and AMUSE relative velocities
were apparently decorrelated at all times, which is not consistent. So the agreement in the
growth in diffusivity with distance may be fortuitous.

The relative velocities were apparently correlated for the western sets, where plots of
pair dispersion versus time can also be � t approximately with quadratics over the � rst few
points. However this is uncertain and greater temporal resolution would be required to say
for sure.

ii. Turbulent enstrophy cascade. At longer times, the pair statistics will depend on whether
there is an energy or an enstrophy cascade over the scales sampled.Assuming an energetic
peak at scale LE, it is plausible that enstrophy is cascading to smaller scales. Were this the
case, relative diffusivities would grow as 7 D2 8 and relative velocities increase exponentially
in time. While we cannot rule out such a rapid growth in the relative velocities in any set,
the diffusivities clearly increase more slowly than D2 everywhere. Moreover, if exponen-
tial stretching is occurring, the ‘‘characteristic time,’’ de� ned:

t (t) 5
7 D2(t) 8
K (2)(t)

will be constant during the given interval (Babiano et al., 1990). It was not so in any of the
present � ve cases. As a further test we calculated ‘‘Finite Scale Lyapunov Exponents’’
(FSLE’s) for the sets, but found no evidence for exponentialgrowth there either (Appendix).

A possible explanation is that the initial pair separations are too large relative to the
energy-containing scale, LE. The exponential growth phase is not observed until the
dependence on the initial separation, D0, is lost (Babiano et al., 1990) and by that time the
pair separations may have already reached LE. The relative displacement kurtoses are
elevated over the � rst few days for the AMUSE pairs (Fig. 11), which may be consistent
with a cascade; however no similar indication is seen with the ACCE pairs. Elevated
kurtoses are found for the western sets, but the growth in diffusivity is more suggestive of
an energy cascade (see below).

So the question of an enstrophy cascade in the eastern and central regions remains open.
We would point out though that the dye released in the North Atlantic Tracer Release
Experiment (in the east) was stretched into � laments in a manner consistent with
exponential stretching (Ledwell et al., 1998). But further studies with closer � oat pairs are
required to know for sure.
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iii. Turbulent energy cascade. A second possibility is that energy is cascading to larger
scales, driven by a source at small scales. Then diffusivities would increase as D4/3 until the
scale at which the cascade ceases (Sec. 1a). From (4), the relative velocity variances would
increase linearly in time and the relative dispersion would grow as t3 (Richardson, 1926;
Batchelor, 1952). In addition, the displacement kurtoses would likely be non-Gaussian
(Bennett, 1987).

Such behavior apparently occurs with the Site L/LDE 700 m and NAC pairs. In
particular, the diffusivities exhibit a growth proportional to D4/3 from roughly 10 to
100–200 km in both regions. In both cases also the relative velocities are accelerating and
the kurtoses elevated initially (although the acceleration and the corresponding growth in
dispersion is apparently faster with the NAC pairs; Fig. 7). In addition, indirect evidence
for a t3 growth in dispersion in both regions was found with the FSLE’s (Appendix).

If an energy cascade is occurring in the west, the likely sources would be the
baroclinically unstable Gulf Stream and North Atlantic Current, both of which could
‘‘inject’’ energy near the deformation radius (Salmon, 1980). Energy would cascade up to
LE, which our results suggest is 100–200 km. Why does it stop there? One possibility is that
dissipation (most likely bottom friction) limits the cascade, but alternately, the cascade may
arrest due to competition from planetary waves (Rhines, 1975). The arrest scale is roughly
(U / b )1/2, or about (0.2/2 3 10 2 11)1/2 < 100 km. We know that arrested geostrophic
turbulence is usually strongly zonally anisotropic (Rhines, 1975), whereas the Site L and
NAC relative dispersions are isotropic (Fig. 5); but the absolute dispersion at Site L is
zonally anisotropic, which may be related.

If there were a cascade to large scales, it ought to be signi� cantly barotropic (Salmon,
1980), implying that the response at 1300 m in the LDE region should resemble that at
700 m. While the relative dispersion at the two depths appeared to be different, the absolute
dispersion using all � oats in the region was almost the same (albeit of smaller amplitude at
1300 m; Sec. 3f). As discussed below, the LDE1300 statistics in many ways are consistent
with wave advection, as suggested by Price and Rossby (1982). This is interesting because
an arrested turbulent � ow can look exactly like a wave from the Lagrangian perspective
(LaCasce and Speer, 1999). If so, the arrested wave would have an advective speed
comparable to its phase speed, and in fact this is so: from Price and Rossby (1982), the
wave phase speed was about 6 cm/s, a value comparable to the rms velocity in Table 1. So
the LDE1300 results are (perhaps!) also consistent with arrested geostrophic turbulence.

As discussed above, we were unable to rule out an enstrophy cascade in the east because
pairs too quickly reached the energy-containing scale, LE. The same applies to an energy
cascade; it could be happening in the east, but due to the insufficient separation between D0

and LE, the asymptotic limit in which (3) obtains never occurs. An energy cascade in the
east would require a source at subdeformation scales, but this too is possible.

Again, we found elevated kurtoses during the initial growth phase with the Site L and
NAC sets. Were an inverse cascade occurring, this would be at odds with Sullivan (1971)
who found nearly normal distributions from dye measurements. Given the present results,
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one wonders if he might have seen elevated kurtoses had he looked sooner after the dye
injection. Elevated kurtoses are predicted by the model of turbulent diffusion proposed by
Richardson (1926).

c. Shear advection

The 4/3 law can also appear with mixing in the presence of a background shear
(Bowden, 1965; Bennett, 1987). With a zonal mean shear, particles undergoing a random
walk in the meridional direction will have (Bennett, 1987):

7 ( y 2 y0)2 8 5 4Kyt, 7 (x 2 x0)( y 2 y0) 8 5 2Ky 1 dU

dy 2 t2

and 7 (x 2 x0)2 8 5 x0
2 1

4

3
Ky 1 dU

dy 2
2

t3,

(17)

where Ky is the meridional diffusivity.The t3 growth in the zonal dispersion is accompanied
by a D4/3 growth in the zonal diffusivity.

Bennett suggested that shear may have been behind the t3 growth seen by Okubo (1971;
see Sec. 1b), because Okubo’s length scales greatly exceed those expected for the 3D
turbulence inertial range. Similarly, shear dispersion may explain the difference between
the results of Er-el and Peskin (1981) and Morel and Larcheveque (1974), because, as
noted by Er-el and Peskin, the mean shear at 150 mb is not negligible.

Given that the Site L and LDE experiments lie on the southern � ank of the Gulf Stream,
it’s plausible the Gulf Stream shear is responsible for the observed D4/3 dependence.
Likewise, the sheared NAC could be behind the 4/3 growth in the Labrador Basin. That the
zonal single particle dispersion was far greater than the meridional at Site L (Fig. 5) also
may indicate mean advection.

However, other points differ. The relative dispersion in both Figures 5 and 4 is isotropic.
Isotropy is perhaps possible if the mean is not zonal and mixing is occurring in both
directions, but the cross term for the relative dispersion was zero, suggesting no correlation
between zonal and meridional separations. From (17), the cross dispersion should increase
more rapidly than the dispersion across the mean shear. Indeed, neither the Site L or NAC
pairs show much evidence of a mean shear. Some pairs translate parallel to the jets, but
more move obliquely or even counter to them (Fig. 1).

A second possibility is that the � oats experience signi� cant vertical shear. Vertical shear
could produce a D4/3 growth in the lateral diffusivity with laterally isotropic relative
dispersion.Of course, the 4/3 dependencewas found with both the quasi-isopycnal � oats in
the NAC and the isobaric � oats at Site L, which argues against a role for vertical shear.
However, it must be admitted that either vertical or horizontal shear may impact our results
in the west.
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d. Wave advection

Another type of shear advection can occur with planetary waves. A particle advected by
a monochromatic Rossby wave loops but also drifts, and the magnitude and direction of the
drift vary with both the latitude and longitude of particle deployment (Flierl, 1981). As
such, a group of particles experiences quadratic dispersion in the direction of the wave
phase speed (LaCasce and Speer, 1999). With meridional mixing superimposed, the
dispersion could in principle increase as t3, exactly as with a simple shear.

To test this idea, a kinematic wave model like that used in LaCasce and Speer (1999) was
employed in conjunction with the stochastic advection scheme prescribed in Eq. (15) (and
used in LaCasce, 2000) to advect a group of particles. Consistent with the previous
statements, the relative dispersion in the zonal direction (parallel to the wave phase speed)
increased like t3 (not shown). Like in (17), the meridional dispersion grew only linearly in
time. The normalized mean square relative velocities were less than unity in both directions
for many wave periods (because the drift velocity is much less than the typical ‘‘looping’’
velocity).

Several features of the LDE1300 set are consistent with this picture: the normalized
relative velocity variances are less than unity and a D4/3 dependence of the total diffusivity
cannot be ruled out.

But other points do not � t so well. The cross relative dispersion vanishes when the
coordinate axes are rotated by about 45 degrees (Sec. 3e), an angle similar to that between
local f /H and the latitude lines. But then the relative dispersion is greatest in the direction
perpendicular to local f /H rather than parallel to it, and the dispersion parallel to f /H is
essentially constant in time in the � nal 20 days. This is exactly opposite to expectation.

The plane wave model may be too simple for this region; far from being a collinear � eld,
f /H here is curved with a scale of curvature not much greater than the loops which the � oats
execute. Alternately we could calculate the dispersion of displacements relative to the f /H
� eld itself, as LaCasce (2000) did with the absolute dispersion and f /H. But this is beyond
the present scope.

5. Summary and conclusions

Pair statistics were calculated for subsurface � oats in the North Atlantic. Pair dispersion
and the implied scale of the energy-containing eddies are both greater in the west than in
the east. In addition, � oats tend to travel together longer in the west, which produces a
quantitative difference in the initial growth of the dispersion. Exponential stretching was
not resolved in any region.

The results are in many ways consistent with predictions from the theory of 2-D
turbulence.That the relative diffusivity scales as the separation to the 4/3 power in the west
is consistent with 2-D turbulence in which energy is cascading to large scales. The
dispersion in the east may also be consistent with either an energy or an enstrophy cascade,
but the spatial resolution of the data there prevent us from determining this.
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A second possibility concerns stochastic mixing. The results from the eastern sets are
like those obtained under simple Markovian advection, and those in the west could be
explainedby stochastic mixing superimposed on a mean shear, either horizontal or vertical.
As discussed in Section 4c, several details are at odds with such an interpretation, but we
cannot rule it out. Of course there is the question of the origin of the mixing (which might
simply be temporally unresolved 2-D turbulent dispersion).

The present results derive from modest numbers of � oat pairs, and the uncertainties are
large. Our understanding would bene� t greatly from future � oat experiments designed
speci� cally to measure pair separation. For one, this might settle the question of exponen-
tial growth of pair separations. And relative dispersion near the Gulf Stream deserves
greater scrutiny, both in and below the main thermocline.
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APPENDIX

FSLE’s

An alternate means of measuring dispersion is to take distance as the independent
variable and time as the dependent variable. To do this, we select a set of separations,
related thus:

yn 5 Ryn 2 1 5 Rny0. (18)

where R is a number greater than one. Then we measure the time required for pair
separations to grow from yn to yn1 1, de� ned Tn, and those times are averaged. Written in the
form:

l ( yn) ;
1

ln (R) 7 1

Tn
8 , (19)

the average approximates the maximum Lyapunov exponent in the limit of small bin
spacing (Aurell et al., 1997).

When particle divergence is exponential, the time required for the separation distance to
double is constant, and the FSLE too is constant. Alternately, if the relative dispersion
obeys a power law,

D2 ~ tn, (20)
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then the FSLE has the corresponding behavior:

7 1/Tn 8 ~ y 2 2/n. (21)

In contrast to the relative dispersion, all pairs are used for the FSLE, regardless of their
closest distance; each pair only contributes to the mean of Tn corresponding to the yn

spanned.
FSLE’s were calculated for the � ve previously-discussed sets. Usually the FSLE is

normalized by the logarithm of the scaling factor, R, as in (19), but I chose to normalize by
the temporal spacing of the data, so that the maximum value of 7 1/Tn 8 would be one. The yn

were calculated using R 5 2, but the results do not depend on this choice.
The FSLE’s are shown in Figure 12. In all cases, the mean inverse doubling time

decreases with distance. Most curves plateau at scales less than a few kilometers, but the
plateau occurs at 7 1/Tn 8 5 1/(D t), which means only that growth at these distances is not

Figure 12. The Finite Size Lyapunov Exponents (FSLE’s) for all sets. The mean separation times
have been normalized by each set’s time step, d t, so a value of unity indicates the doubling time is
equal to the time step.
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temporally resolved. Surprisingly, this applies even to the AMUSE data, where � oats were
located every eight hours.

As noted in Section 1a, a linear growth in the relative dispersion would cause 7 1/Tn 8 to
decrease like D 2 2. The slopes at larger separations are somewhat difficult to assess, but are
generally somewhat less than D 2 2. The Site L and NAC sets exhibit the slowest rate of
decline, with a dependence like D 2 2/3; the latter is consistent with a growth in dispersion
which is cubic with time (and K (2) ~ D4/3).

Comparing with the dispersion curves from the previous sections does reveal discrepan-
cies, for example, the Site L and NAC curves never decrease like D 2 2; but the differences
stem from the way the two measures are calculated.For one, all pairs nearer than the largest
bin separation are used, so there is more data at large scales. Second, the FSLE identi� es
the � rst time at which separations exceed a given scale and so is discrete, not continuous.
And lastly, the FSLE time is really a difference in times.

Nevertheless, these results broadly support our previous � ndings suggesting that, at least
in these cases, averaging distances at discrete times was not problematic.
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