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Pl{lqj lv d zlgho| revhuyhg skhqrphqrq lq qdwxuh1 Dprqj rwkhu duhdv/ lw lv zhoo
nqrzq wr rffxu lq �xlg phfkdqlfv/ elrorj|/ fkhplvwu|/ dwprvskhulf vflhqfh dqg fh0
ohvwldo phfkdqlfv1 Ehfdxvh ri lwv frpsoh{lw|/ wkhuh lv qr vlqjoh dffhswhg dssurdfk ru
gh�qlwlrq iru wklv skhqrphqrq1 Sk|vlfdoo| vshdnlqj/ pl{lqj lv d surfhvv wkdw whqgv
wr uhgxfh qrqxqliruplwlhv ru judglhqwv lq frpsrvlwlrq/ surshuwlhv/ ru whpshudwxuh ri
pdwhuldo lq exon +gh�qlwlrq iurp Xko dqg Jud| ^<`,1 Jhrphwulfdoo| vshdnlqj/ pl{lqj
lv d uhgxfwlrq ri ohqjwk vfdohv dffrpsolvkhg e| vwuhwfklqj dqg iroglqj ri ghvljqdwhg
pdwhuldo olqhv ru vxuidfhv1 +gh�qlwlrq iurp Rwwlqr ^9`,1 Pdwkhpdwlfdoo| vshdnlqj/
pl{lqj lv d frqfhsw iurp hujrglf wkhru| wkdw urxjko| uhtxluhv d wudqvirupdwlrq wr
glvwulexwh phdvxudeoh vhwv ri lqlwldo frqglwlrqv idluo| hyhqo| lq wkh skdvh vsdfh +gh0
�qlwlrq iurp gh Yulhv ^43`> vhh pruh suhflvh gh�qlwlrq ehorz,1 Ghvslwh wkh gl�huhqw
odqjxdjh dqg wrrov xvhg lq gl�huhqw glvflsolqhv/ ghvfulelqj/ xqghuvwdqglqj/ suhglfwlqj
dqg lq�xhqflqj pl{lqj lv rqh ri wkh prvw lpsruwdqw remhfwlyhv lq ydulrxv �hogv ri
dssolhg vflhqfh1

Wkh v|vwhpdwlf pdwkhpdwlfdo wuhdwphqw ri pl{lqj lv qrw dq rog vxemhfw dqg kdv
ehhq ghyhorshg pdlqo| ryhu wkh sdvw irxu ghfdghv1 Wkh uhdvrq iru wklv lv wzrirog>
�uvw/ wkh xqghuo|lqj sk|vlfdo skhqrphqrq zdv eholhyhg wr eh krshohvvo| frpsolfdwhg
iru d orqj wlph/ dqg khqfh h{shulphqwdo ghvfulswlrq dqg vwdwlvwlfdo dvvhvvphqw zdv
wkh suhihuuhg wrro ryhu dqdo|vlv1 Vhfrqg/ wkh prghuq frqfhswv ri g|qdplfdo v|vwhpv/
hujrglf wkhru| dqg suredelolw| wkdw fdq vxffhvvixoo| ehdu rq pl{lqj sureohpv zhuh
qrw dydlodeoh ehiruh wkh 4<83*v1

Wkhvh qrwhv vxuyh| wkh prvw lpsruwdqw wrrov ri dssolhg pdwkhpdwlfv wkdw fdq
eh xvhg wr vwxg| sk|vlfdo pl{lqj sureohpv1 Wkh hpskdvlv lv rq �xlg pl{lqj/ wkh
dssurdfk lv sulpdulo| jhrphwulf dqg dssolhg/ dqg wkh ryhudoo ohyho ri wkh wh{w lv lq0
wurgxfwru|1 Wkh vxemhfw lwvhoi lv idu iurp ehlqj zhoo hvwdeolvkhg/ dv rqh pljkw jxhvv
iurp wkh qxpehu ri wh{werrnv kdylqj _pl{lqj% lq wkhlu wlwoh1 Lw lv wkhuhiruh rxu krsh
wkdw wkh uhdghu/ kdylqj vhhq wkh edvlf lghdv dqg dydlodeoh wrrov/ zloo v|qwkhvl}h wkh
pdwhuldo dqg pdnh qhz frqwulexwlrqv wr wklv g|qdplfdoo| hphujlqj dqg h{flwlqj �hog1
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Wkh prvw hdvlo| looxvwudwhg h{dpsoh ri pl{lqj lv _phfkdqlfdo pl{lqj% lq �xlgv/ zkhuh
dq lqlwldo/ frkhuhqw eore ri wudfhuv h{whqgv ryhu d odujhu vsdwldo grpdlq1 Wklv fdq eh
ylhzhg dv wkh uhvxow ri wkuhh pdlq idfwruv=

41 Dgyhfwlrq= Wkh wudfhu vhw lv ylhzhg dv frqwlqxxp ri pdwhuldo srlqwv zklfk
duh wudqvsruwhg xqghu wkh dfwlrq ri wkh yhorflw| �hog y+{>w, lq wkh vsdfh ri {
frruglqdwhv11 Lq wklv surfhvv/ wkh lqlwldo wudfhu vhw lv vwuhwfkhg dqg iroghg lqwr
vwuhdnv dffxpxodwlqj rq hdfk rwkhu +vhh Ilj1 414,1 Zh frqvlghu wkh wudfhu zhoo0
pl{hg li wkh dyhudjh zlgwk ri wkh od|huv/ wkh vwuldwlrq wklfnqhvv4 gv lv vpdoo
hqrxjk1 Qhhgohvv wr vd|/ wklv lv rqo| uhohydqw phdvxuh ri dgyhfwlyh pl{lqj li wkh
eore uhpdlqv frq�qhg wr d erxqghg uhjlrq/ d uhtxluhphqw wkdw hphujhv lq doo
gl�huhqw dssurdfkhv wr pl{lqj1

Iljxuh 414= Wkh wkuhh pdlq frpsrqhqwv ri �xlg pl{lqj1

Wkh frqfhsw ri dgyhfwlyh pl{lqj uholhv rq wkh edvlf frqwlqxxp k|srwkhvlv wkdw
wkh pdfurvfrslf surshuwlhv ri d �xlg fdq dovr eh gh�qhg iru lwv duelwudulo| vpdoo
vxevhwv1 Wklv hqdeohv rqh wr gh�qh yhorflw|/ whpshudwxuh/ suhvvxuh iru �xlg
sduwlfohv/ l1h1/ olplwv ri yroxphv vkulqnlqj wr d srlqw/ dv wkh olplw ri dyhudjhv

�Wu _A _i?L|it |�i ��_|� Lu @ |)T�U@* |h@Uih |hi@!c @?_ _� �t |�i @�ih@}i *i?}|� Lu @4M�i?| ���_
t|hi@!tc |�i? |�i t|h�@|�L? |��U!?itt U@? Mi _i�?i_ @t _r ' �

2 E_A n _�� �

5



ryhu prohfxohv frqwdlqhg lq d vpdoo yroxph1 Wklv �xlg sduwlfohv duh wkhq wdjjhg
iruhyhu e| wkh lqlwldo ydoxh ri vrph qrqgl�xvlyh vfdodu f zkrvh pl{lqj lv ri
lqwhuhvw1 Krzhyhu/ rqh kdv wr uhphpehu wkdw d �xlg sduwlfoh grhv qrw frqvlvw ri
wkh vdph vhw ri prohfxohv zkloh lw wudyhov lq vsdfh1 Dv d uhvxow/ sxuho| dgyhfwlyh
pl{lqj ri qrqgl�xvlyh wudfhuv lv dq lghdol}dwlrq1

51 Gl�xvlrq= Wkh lqwhufkdqjh ri prohfxohv ehwzhhq �xlg sduwlfohv fdq eh wdnhq lqwr
dffrxqw e| wudflqj wkh hyroxwlrq ri gl�xvlyh surshuwlhv lq wkh �xlg1 Wudfnlqj
wkh pl{lqj ri gl�xvlyh txdqwlwlhv/ h1j1/ whpshudwxuh/ rqh grhv qrw wdj lqglylgxdo
�xlg sduwlfohv dq| pruh zlwk d frqvwdqw pdwhuldo surshuw|1 Udwkhu/ rqh iroorzv
wkh hyroxwlrq ri wkh frqfhqwudwlrq f+{> w, ri dq lqlwldo eore1 Li wklv gl�xvlyh vfdodu
iroorzv Ilfn*v gl�xvlrq odz Cf

Cw @ Gu5f>
wkhq d vlpsoh glphqvlrq dqdo|vlv vxjjhvw wkdw gl�xvlrq ehfrphv lpsruwdqw rq
wlph vfdohv ri wkh rughu ri g5v@G +Khuh gv lv wkh vwuldwlrq wklfnqhvv lqwurgxfhg
deryh dqg G lv wkh gl�xvlylw| frh�flhqw,1 Ehorz wkhvh wlph vfdohv pl{lqj lv
grplqdwhg e| dgyhfwlrq/ dqg gl�xvlrq lv rqo| vhhq wr fuhdwh d _ix}}|% lqwhuidfh
ehwzhhq wkh wudfhu dqg wkh dpelhqw �xlg +vhh Ilj1 414,1 Iru odujhu wlph vfdohv/
krzhyhu/ wkh joredo fkdudfwhulvwlfv ri pl{lqj ehfrph xqfruuhodwhg zlwk sxuh
dgyhfwlrq1 Lq wkdw fdvh wkh pl{lqj ri f lv ghwhuplqhg e| wkh dgyhfwlrq0gl�xvlrq
htxdwlrq Gf

Gw �
Cf
Cw .uf � y @ Gu5f>

lq zklfk wkh dgyhfwlrq dqg gl�xvlrq whupv duh frpsdudeoh1
61 Euhdnxs= Lq rxu glvfxvvlrq ri dgyhfwlrq dqg gl�xvlrq/ zh kdyh dvvxphg wkdw f

lv sdvvlyh vfdodu/ l1h1/ lw grhv qrw d�hfw wkh xqghuo|lqj yhorflw| �hog y+{> w,= Lq
wkh suhvhqw frqwh{w wklv phdqv wkdw wkh wzr �xlgv kdyh ehhq dvvxphg shuihfwo|
plvfleoh/ surgxflqj wklqqhu dqg wklqqhu vwuhdnv dv wlph lqfuhdvhv1 Lq uhdolw|/
wkhuh lv dq hqg wr wklv surfhvv1 Ehorz d fhuwdlq vwuldwlrq wklfnqhvv/ wkh �xlgv
ehfrph lpplvfleoh dqg wkh wudfhu eore euhdnv xs lqwr vpdoohu iudjphqwv +vhh
Ilj1 414,1 Wkh uhvxowlqj qhz lqwhuidfhv prgli| wkh yhorflw| �hog gxh wr vxuidfh
whqvlrq/ dqg khqfh wkh revhuyhg txdqwlw|/ f> ehfrphv dq dfwlyh vfdodu +vhh/ h1j1/
Duhi dqg Wu|jjydvrq ^6`,1

Zh vkdoo sulpdulo| eh frqfhuqhg zlwk wkh dgyhfwlyh pl{lqj ri sdvvlyh vfdoduv zklfk
lv wkh prvw dffhvvleoh wr jhrphwulf phwkrgv1 Wklv lpsolhv wkdw rxu glvfxvvlrq lv
sulpdulo| dlphg dw �xlgv1 Lq frqwudvw/ jdvhv w|slfdoo| dgplw kljk prohfxodu gl�xvlrq
dqg wkh grplqdqfh ri dgyhfwlrq lv orvw lq yhu| vkruw wlphv1
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Vlqfh wkhvh qrwhv kdyh dq hpskdvlv rq pl{lqj lq �xlg phfkdqlfv/ lw lv dssursuldwh
khuh wr uhfroohfw wkh ixqgdphqwdo htxdwlrqv jryhuqlqj wkh g|qdplfv ri �xlg1 Lw dovr
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jlyhv xv dq rssruwxqlw| wr �{ wkh edvlfv ri rxu qrwdwlrq1

415141 Wkh Qdylhu0Vwrnhv htxdwlrqv dqg d zrug rq qrwdwlrq
Wkh yhorflw| �hog dvvrfldwhg zlwk d prylqj �xlg lv ri wkh irup

y+{> w, @ +x+{>w,>y+{>w,> z+{>w,,> { @ +{> |> },>
zkhuh { ghqrwhv wkh orfdwlrq ri d pdwhuldo hohphqw ri wkh �xlg ru d �xlg sduwlfoh dqg w
uhihuv wr wkh wlph1 Iru wzr0glphqvlrqdo �rzv lw zloo eh xqghuvwrrg wkdw y dqg { kdyh
rqo| wzr frpsrqhqwv1 Wkh �uvw edvlf vhw ri htxdwlrqv h{suhvvhv lqfrpsuhvvlelolw|/ dqg
lv xvxdoo| uhihuuhg wr dv wkh pdvv frqvhuydwlrq htxdwlrqv=

u � y @ 3=
Wkh vhfrqg vhw ri htxdwlrqv lv wkh Qdylhu0Vwrnhv +ru prphqwxp, htxdwlrq/ jlyhq e|

Cy
Cw . y�uy @ �4

�us. �u5y . i > +414,

zkhuh �+{, lv wkh ghqvlw|/ s+{> w, lv wkh suhvvxuh/ i +{> w, lv wkh uhvxowdqw ri wkh yroxph
irufhv shu xqlw pdvv/ dqg � lv wkh nlqhpdwlf ylvfrvlw|1 Iru ydqlvklqj ylvfrvlw|/ l1h1/ iru
dq lqylvflg �xlg/ wkh Qdylhu0Vwrnhv htxdwlrq lv fdoohg Hxohu*v htxdwlrq1

Zkloh/ iru wkh prvw sduw/ zh vkdoo xvh wkh xvxdo qrwdwlrqdo frqyhqwlrq iru wkh
rshudwru u @

�
C
C{ > C

C| > C
C}
�
/ zh zloo rffdvlrqdoo| dovr xvh wkh prghuq qrwdwlrq iurp

g|qdplfdo v|vwhpv/ zkhuh dssursuldwh1 Iru lqvwdqfh/ lq whupv ri wkh dffhswhg qrwdwlrq
lq g|qdplfdo v|vwhpv/ wkh Qdylhu0Vwrnhv dqg wkh frqvhuydwlrq ri pdvv htxdwlrqv frxog
eh uhzulwwhq dv

Gwy. +G{y,y @ �4
�G{s. ��y. i >

glyy @ 3>
zlwkG uhihuulqj wr gl�huhqwldwlrq zlwk uhvshfw wr lwv vxevfulsw/ dqg zlwk wkh glphqvlrq
ri wkh rxwfrph ghshqglqj rq wkh frqwh{w1 Zkloh pdq| uhvxowv lq jhrphwulf pl{lqj
wkhru| duh hdvlhu wr gulyh ru h{sodlq lq wklv dowhuqdwlyh qrwdwlrq/ wkh uhdghu pruh xvhg
wr wkh fodvvlfdo qrwdwlrq ri �xlg phfkdqlfv pd| �qg lw frqixvlqj lqlwldoo|1 Iru wklv
uhdvrq zh hqforvh d wdeoh ehorz wkdw vkrzv wkh prvw iuhtxhqwo| xvhg rshudwlrqv lq
erwk qrwdwlrqv5=
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Htxlydohqw qrwdwlrq
Ioxlg phfkdqlfv G|qdplfdo v|vwhpv

Mdfreldq uy G{y
sduwldo wlph0ghulydwlyh Cy

Cw Gwy ru by
judglhqw ri vfdodu uv G{v ru judg v
wrwdo +pdwhuldo, ghulydwlyh G

Gwv @ Cv
Cw . y � uv g

gwv @ Gwv.G{v � y
glyhujhqfh u � y glyy
Odsodfldq u5y �y
fxuo u� y fxuoy
Mdfreldq dfwlqj rq d yhfwru y�uy +G{y,y

415151 Wkh yruwlflw| htxdwlrqv
D txdqwlw| ri fhqwudo lpsruwdqw lv wkh fxuo ri wkh yhorflw| �hog/ l1h1/ wkh yruwlflw|
�hog / @ u� y= Yruwlflw| fkdudfwhul}hv wkh dprxqw ri orfdo urwdwlrq lq wkh �xlg> lq
sduwlfxodu/ dw dq| srlqw wkh yruwlflw| yhfwru lv wzlfh wkh orfdo dqjxodu yhorflw| dvvr0
fldwhg zlwk wkh �xlg hohphqw1 Zh qrwh wkdw orfdoo| flufxodu prwlrq ri �xlg hohphqwv
e| lwvhoi grhv qrw fuhdwh yruwlflw| lq wkh �xlg1 Qrq}hur yruwlflw| lqglfdwhv fkdqjh lq
rulhqwdwlrq/ l1h1/ uljlg erg| urwdwlrq iru �xlg hohphqwv1

Wdnlqj wkh fxuo ri erwk vlghv ri wkh Qdylhu0Vwrnhv htxdwlrq +414,/ dqg xvlqju�y @
3 dqg u �/ @ 3> rqh rewdlqv

C/
Cw @ �y � u/ ./�uy.�u5/.u� i =

Iru srwhqwldo irufhv u� i @u�uX @ 3> wkh deryh htxdwlrq fdq eh uhzulwwhq dv wkh
yruwlflw| htxdwlrq G/

Gw @ /�uy.�u5/> +415,
zkhuh G@Gw uhihuv wr wkh pdwhuldo ghulydwlyh +fi1 wkh wdeoh rq qrwdwlrq deryh,1 Iru
wzr0glphqvlrqdo/ lqylvflg �rzv/ zh wkhuhiruh kdyh

G/
Gw @ 3> +416,

vlqfh /�uy @+G{y,/> dqg / olhv lq wkh nhuqho ri wkh rshudwruG{y= Lq rwkhu zrugv/ lq
wzr0glphqvlrqdo lqylvflg �rzv / lv frqvhuyhg dorqj �xlg sduwlfoh prwlrqv1 D vlplodu
uhvxow krog iru wkuhh0glphqvlrqdo lqylvflg �rzv zlwk flufxodu v|pphwu|1
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Wkh prghuq wkhru| ri g|qdplfdo v|vwhpv/ wkh vwxg| ghwhuplqlvwlf hyroxwlrqdu| surfhvvhv/
kdv d vwurqj jhrphwulf �dyru1 Rqh ri lwv prvw edvlf frqfhswv/ wkh lghd ri d �rz/ jlyhv
d qdwxudo jhrphwulf wrro wr vwxg| wkh hyroxwlrq ri vhwv ri lqlwldo frqglwlrqv lq skdvh
vsdfh1 Iru wklv uhdvrq wkh dgyhfwlyh frpsrqhqw ri odplqdu pl{lqj/ l1h1/ pl{lqj lq
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d yhorflw| �hog y+{> w, zlwk nqrzq wlph0ghshqghqfh lv dffhvvleoh wr g|qdplfdo v|v0
whpv phwkrgv/ dv zh vkdoo vhh ehorz1 Wkh vwuxfwxuhv lghqwl�hg lq odplqdu pl{lqj
dovr vxjjhvw sdudgljpv iru wxuexohqw pl{lqj/ l1h1/ pl{lqj lqgxfhg e| d yhorflw| �hog
zlwk udqgrp wlph ghshqghqfh1 Lq idfw/ pl{lqj ehwzhhq lvrodwhg frkhuhqw vwuxfwxuhv
dqg wkhlu vxuurxqglqjv lq d wxuexohqw �rz dsshdu wr iroorz wkh jhrphwulf whpsodwhv
lghqwl�hg iru odplqdu pl{lqj1

Zkloh g|qdplfdo v|vwhpv wkhru| kdv vljql�fdqwo| fkdqjhg wkh zd| pl{lqj lv
ylhzhg lq dssolhg vflhqfh/ wkhuh duh vwloo olplwdwlrqv ri lwv dssolfdelolw| wr _uhdo0olih%
sureohpv1

� G|qdplfdo v|vwhpv wkhru| dvvxphv wkdw wkh yhorflw| �hog y+{> w, lv dw rqhv
glvsrvdo dw duelwudu| { dqg w1 Lq uhdolw|/ y lv w|slfdoo| nqrzq h{shulphqwdoo|
ru qxphulfdoo|/ l1h1/ dw glvfuhwh vsdwldo dqg whpsrudo orfdwlrqv/ dqg rq d �qlwh
wlph lqwhuydo1 Dw wkh vdph wlph/ wkh prvw lpsruwdqw frqfhswv lq g|qdplfdo
v|vwhpv/ vxfk dv dwwudfwruv/ lqyduldqw pdqlirogv/ k|shuerolflw|/ duh gh�qhg iru
lq�qlwh wlph lqwhuydov1

� Wkhuh h{lvwv d frqfhswxdo gl�huhqfh ehwzhhq wkh fodvvlfdo wkhru| ri g|qdplfdo
v|vwhpv/ irfxvhg sulpdulo| rq dv|pswrwlf ehkdylru/ dqg hqjlqhhulqj dssolfd0
wlrqv/ zkhuh rqh w|slfdoo| zdqwv wr dffhohudwh pl{lqj rq vkruw wlph vfdohv1

� Lqvsluhg e| fodvvlfdo phfkdqlfv/ pdq| g|qdplfdo v|vwhpv uhvxowv kdyh ehhq gh0
yhorshg iru v|vwhpv wkdw duh vpdoo shuwxuedwlrqv ri dq lqwhjudeoh rqh1 Zkloh
lq uljlg erg| g|qdplfv qhdu0lqwhjudeoh v|vwhpv duh riwhq jrrg prghov iru d
sk|vlfdo skhqrphqrq +h1j1/ sodqhwdu| prwlrq,/ uhfhqw uhvxowv lqglfdwh wkdw wzr0
dqg wkuhh0glphqvlrqdo lqwhjudeoh �xlg �rzv duh w|slfdoo| xqvwdeoh= Wkhlu vpdoo
shuwxuedwlrqv zloo jurz udslgo| lq wlph +vhh/ h1j1/ Olivklw} dqg Kdphlul ^8`/ Iulhg0
odqghu dqg Ylvkln ^7`/ dqg wkh uhihuhqfhv flwhg lq wkhvh sdshuv,1 Wklv txhvwlrqv
wkh uhohydqfh ri g|qdplfdo v|vwhpv uhvxowv rewdlqhg iru vpdoo/ erxqghg shu0
wxuedwlrqv ri vwhdg| �rzv1 Zkloh dq dexqgdqfh ri vxfk uhvxowv h{lvwv lq wkh
olwhudwxuh/ rqh kdv wr eh dzduh ri wkhlu olplwhg ydolglw| lq wlph1

Lq wkhvh qrwhv zh �uvw vxuyh| wkh prvw lpsruwdqw fodvvlfdo uhvxowv ri g|qdplfdo
v|vwhpv shuwdlqlqj wr pl{lqj1 Lq dgglwlrq/ zh glvfxvv uhfhqw ghyhorsphqwv wkdw hqdeoh
wkh wkhru| wr ehdu rq uhdo0olih sureohpv1 Wkhvh ghyhorsphqwv lqfoxgh whfkqltxhv iru
dshulrglf qxphulfdo ru h{shulphqwdo yhorflw| �hogv wkdw duh rqo| nqrzq iru d �qlwh
wlph/ dqg duh idu iurp lqwhjudeoh1
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Dvvxplqj wkdw d yhorflw| �hog y lv jlyhq/ wkh htxdwlrq jryhuqlqj wkh prwlrq ri �xlg
sduwlfohv lv

b{ @ y+{> w,> +514,
zkhuh { 5[> zlwk [ ghqrwlqj hlwkhu U5 ru U6/ dqg w ghqrwhv wkh wlph1 Wkh vhw [ lv
w|slfdoo| fdoohg wkh skdvh vsdfh/ zkloh lwv surgxfw zlwk wkh wlph d{lv/ [ �U lv fdoohg
wkh h{whqghg skdvh vsdfh1

E| ixqgdphqwdo uhvxowv iurp wkh wkhru| ri ruglqdu| gl�huhqwldo htxdwlrqv/ dq|
lqlwldo orfdwlrq {3 dqg lqlwldo wlph w3> wkh deryh htxdwlrq dgplwv d xqltxh vroxwlrq
{+w> w3>{3, surylghg wkdw y lv d gl�huhqwldeoh ixqfwlrq ri { dqg d frqwlqxrxv ixqfwlrq
ri w14 Zkloh wkh vroxwlrq grhv qrw dxwrpdwlfdoo| h{lvw iru doo wlphv/ zh vkdoo dvvxph
wkdw lw pdnhv vhqvh wr zulwh {+w> w3>{3, iru dq| w1 Wklv lv fhuwdlqo| wkh fdvh li wkh �xlg
prwlrq lv nqrzq wr eh erxqghg d sulrul +vhh/ h1j1/ Duqrog ^5`,1 E| fodvvlf uhvxowv/ wkh
vroxwlrq {+w> w3>{3, lv dovr nqrzq wr eh dv pdq| wlphv frqwlqxrxvo| gl�huhqwldeoh lq
lwv dujxphqwv dv wkh yhorflw| �hog y1

Zkhq ylvxdol}hg lq wkh skdvh vsdfh [/ d vroxwlrq {+w> w3>{3, dsshduv dv d fxuyh
zklfk lv sdudphwul}hg zlwk w1 Wklv fxuyh/ wkh vhw ri srvlwlrqv rffxslhg e| wkh sduwlfoh
dv wlph lqfuhdvhv/ lv fdoohg dq sdwkolqh/ sduwlfoh sdwk/ ru ruelw1 Lq jhqhudo/ d sdwkolqh
fdq lqwhuvhfw lwvhoi> dq lqwhuvhfwlrq vlpso| phdqv wkdw wkh �xlg sduwlfoh furvvhv dw wkh
vdph sk|vlfdo srlqw dw gl�huhqw wlphv1 Krzhyhu/ sdwkolqhv fdqqrw lqwhuvhfw li wkh
uljkw0kdqg vlgh ri +514, kdv qr h{solflw wlph ghshqghqfh/ l1h1/ zh kdyh d vwhdg| yhorflw|
�hog y+{,1 Lq vxfk d fdvh lw lv hdv| wr yhuli| wkdw

{+w. � > w3 . �>{3, � {+w> w3>{3, +515,
iru dq| fkrlfh ri � / l1h1/ wkh hyroxwlrq ri wkh vroxwlrq lv lqghshqghqw ri wkh lqlwldo
wlph fkrvhq1 Dv d uhvxow/ ruelwv lq wkh skdvh vsdfh fdqqrw lqwhuvhfw/ vlqfh wkdw zrxog
ylrodwh wkhlu xqltxhqhvv1 Wr holplqdwh lqwhuvhfwlrqv lq wkh xqvwhdg| fdvh/ rqh fdq dovr
ylvxdol}h vroxwlrqv lq wkh h{whqghg skdvh vsdfh [�U/ lq zklfk fdvh wkh fruuhvsrqglqj
fxuyh/ vkrzq lq Ilj1 514/ lv fdoohg d wudmhfwru|1 Rqh fdq dovr wklqn ri wudmhfwrulhv dv
ruelwv iru wkh h{whqghg/ wlph0lqghshqghqw yhorflw| �hog b{ @ y+{> v,> bv @ 4 rq wkh
skdvh vsdfh [ �U=

�W? u@U|c �| �t i?L�}� �u �E c|� �t *LU@**) w�TtU��|3 ?i@h E fc|f� Etiic i�}�c �h?L*_ d2o��
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Iljxuh 514= Sdwkolqh lq wkh skdvh vsdfh [/ dqg wkh fruuhvsrqglqj wudmhfwru| lq wkh
h{whqghg skdvh vsdfh [ �U=

H{huflvh 514141 Vih�u) |�i �_i?|�|) E2�2��

2�2� 5|hi@4*�?it @?_ t|hi@!*�?it
Wkhuh duh wzr rwkhu whfkqltxhv wr ylvxdol}h wkh �xlg �rz dvvrfldwhg zlwk +514,1 Iluvw/
iru dq| �{hg w rqh fdq orrn iru olqhv wkdw duh wdqjhqw wr wkh yhorflw| �hog dw hyhu|
srlqw1 Vxfk fxuyhv duh fdoohg vwuhdpolqhv/ dqg wkh| vdwlvi| wkh gl�huhqwldo htxdwlrq

g
gv{+v,@ y+{+v,> w,>

zkhuh v lv d sdudphwhu dorqj lqglylgxdo fxuyhv1 Iru vwhdg| yhorflw| �hogv/ vwuhdpolqhv
frlqflgh zlwk ruelwv dv wkh| erwk vdwlvi| wkh vdph gl�huhqwldo htxdwlrq1 Iru xqvwhdg|
yhorflw| �hogv/ vwuhdpolqhv duh wlph0ghshqghqw dqg jhqhudoo| gl�hu iurp sduwlfoh sdwkv
+vhh Ilj1 515,1

Wkh vhfrqg whfkqltxh ri �rz ylvxdol}dwlrq lv wkh h{shulphqwdoo| suhihuuhg rqh/
rewdlqhg e| uhohdvlqj g|h lqwr wkh �rz dw d �{hg srlqw1 D vwuhdnolqh wkurxjk {3 lv
wkh gh�qhg dv wkh fxuyh vsdqqhg e| doo �xlg sduwlfohv uhohdvhg iurp {3 rq wkh wlph
lqwhuydo ^w3> w4` = Fodvvlf h{dpsohv ri vwuhdnolqhv lqfoxgh wkh olqh ri vprnh hpdqdwlqj
iurp wkh wls ri d fljdu ru d fklpqh|1 Djdlq/ iru vwhdg| yhorflw| �hogv vwuhdnolqhv
frlqflgh zlwk vwuhdpolqhv dqg sdwkolqhv/ exw iru xqvwhdg| �rzv wkh| duh jhqhudoo| doo
gl�huhqw remhfwv1
H{huflvh 515141 6�?_ i Thitt�L?t uLh |�i |h@�iU|Lh�itc t|hi@4*�?it @?_ T@|�*�?it @ttLU�@|i_
��|� |�i �i*LU�|) �i*_ y @ {. w�

2��� A�4i�| 4@Ttc �L�tc @?_ �L�?U@h�i 4@Tt
D frqyhqlhqw zd| wr ghvfuleh wkh hyroxwlrq ri lqlwldo frqglwlrqv lv wkurxjk wkh pds

Iww3 ={3 :$ {+w> w3>{3,>

;



Iljxuh 515= Vwuhdpolqhv dqg sdwkolqhv iru dq xqvwhdg| �rz1

wkdw uhodwhv lqlwldo sduwlfoh srvlwlrqv dw wlph w3 wr wkhlu odwhu orfdwlrq dw wlph w1 Fohduo|/
zh kdyh

Iw3w3 � L>
zkhuh L ghqrwhv wkh lghqwlw| pds1 Wkh dfwlrq ri Iww3 rq dq lqlwldo _eore% lv vkrzq lq
Ilj1 516 lq wkh h{whqghg skdvh vsdfh1 E| wkh surshuwlhv ri wkh vroxwlrq {+w> w3>{3,>

Iljxuh 516= Wkh pds I ww3 lq wkh h{whqghg skdvh vsdfh1
wkh pdsslqj Iww3 lv zhoo0gh�qhg/ gl�huhqwldeoh/ dqg rqh0wr0rqh zlwk d gl�huhqwldeoh
lqyhuvh �Iww3

��4 @ Iw3w >
l1h1/ lw lv d gl�hrprusklvp1 Lq idfw/ Iww3 lv d idplo| ri pdsslqjv/ ghshqglqj vprrwko|
rq wkh sdudphwhuv w dqg w31 E| xqltxhqhvv ri vroxwlrqv/ lw dovr vdwlv�hv

Iww3 �Iw3� @ Iw� >

<



zkhuh � ghqrwhv wkh frpsrvlwlrq ri wzr pdsv1 Wr vlpsoli| qrwdwlrq/ zh pd| �{ wkh
lqlwldo wlph w3 � 3> dqg gh�qh wkh wlph0w pds dv

Iw � Iw3>
zklfk zloo wkhq ghvfuleh hyroxwlrq ri sduwlfohv zlwk uhvshfw wr wkh �{hg lqlwldo wlph
w @ 3=

Wkh wlph0w pds kdv dgglwlrqdo surshuwlhv lq wkh fdvh zkhuh wkh yhfwru �hog y lv
vwhdg|1 Qdpho|/ lq vxfk d fdvh zh kdyh

Iw.� @ Iw �I� +516,
iru dq| fkrlfh ri w dqg � 1 Wrjhwkhu zlwk wklv odvw surshuw|/ Iw vdwlv�hv wkh gh�qlwlrq ri
d �rz= d rqh0sdudphwhu idplo| ri gl�hrprusklvpv zklfk vdwlvi| wkh jurxs surshuw|
+516,1

Iru d �rz/ zh fdq �{ d wlph W A 3 dqg wudfn wkh hyroxwlrq ri sduwlfohv dw wlph
W> 5W> 6W> = = = e| dsso|lqj wkh lwhudwhv ri IW > l1h1/ �IW �5 @ I5W > �IW �6 @ I6W > = = = =
Vxfk dq lwhudwhg pds ru glvfuhwh g|qdplfdo v|vwhp surylghv xv zlwk d vwurervfrslf
slfwxuh ri wkh �xlg prwlrq/ dqg/ lq pdq| fdvhv/ vlpsol�hv wkh jhrphwulf vwxg| ri wkh
prwlrqv frqvlghudeo|/ vlqfh rqh rqo| kdv wr nhhs wudfn ri d vlqjoh pds IW / riwhq fdoohg
wkh dgydqfh0W pdsslqj1 Wklv pdsslqj lv dovr zhoo0gh�qhg iru W 0shulrglf xqvwhdg|
yhorflw| �hogv/ l1h1/ iru wkh fdvh zkhuh y+{> w, @ y+{> w . W , iru doo { dqg w1 Lqwx0
lwlyho|/ wklv vkrxog eh fohdu vlqfh iru vxfk shulrglf yhorflw| �hogv wkh hyroxwlrq uxoh
ghwhuplqlqj �xlg sduwlfoh prwlrqv uhshdwv lwvhoi shulrglfdoo| lq wlph1
H{huflvh 516141 Vih�u) |�@| {+w. W > w3 . W>{3, � {+w> w3>{3, uLh @ W �Tih�L_�U �i*LU�|)
�i*_�

Iru W 0shulrglf yhorflw| �hogv wkh dgydqfh0W pdsslqj lv fdoohg wkh Srlqfdu�h pds1
Ehfdxvh ri shulrglf w0ghshqghqfh/ wkh yhorflw| �hog fdq eh lpdjlqhg rq f|olqgulfdo
h{whqghg skdvh vsdfh [ � V4> zkhuh V4 ghqrwhv d flufoh ri shulphwhu 5�@W 1 Wkh
jhrphwu| ri wkh Srlqfdu�h pds lv wkhq vkrzq lq Ilj1 5171 Zh vwuhvv wkdw wkh prwlrq
ri �xlg sduwlfohv lq dq dshulrglf yhorflw| �hog fdqqrw eh wudfnhg yld wkh lwhudwlrq
ri d vlqjoh Srlqfdu�h pds vlqfh vxfk yhorflw| �hogv gr qrw jlyh ulvh wr d �rz1 Dv d
uhvxow/ wkh vwurervfrslf lpdjhv ri dq lqlwldo frqglwlrq {3 fdq rqo| eh iroorzhg e| vxe0
vhtxhqwo| dsso|lqj wkh phpehuv ri wkh lq�qlwh pds idplo| Iw3.Ww3 > Iw3.5Ww3.W >Iw3.6Ww3.5W > = = =1 Wkhvh pdsv duh doo gl�huhqw/ dqg khqfh sdvvlqj wr d pds ghvfulswlrq grhv qrw eulqj
vlpsol�fdwlrq lq wkh jhqhudo dshulrglf fdvh1

Zh pxvw srlqw rxw wkdw wkhuh lv frqvlghudeoh frqixvlrq lq whuplqrorj| lq wkh
olwhudwxuh/ vlqfh lq �xlg phfkdqlfv wkh yhorflw| �hog lwvhoi lv riwhq uhihuuhg wr dv wkh
�rz1 Lq dgglwlrq/ shrsoh riwhq fdoo Iw +l1h1/ Iw3, d �rz iru d jhqhudo xqvwhdg| �rz/
dowkrxjk lq vxfk d fdvh +516, lv qrw vdwlv�hg1 Wkh �xlg phfkdqlfdo qrwlrq ri wkh �rz
suhgdwhv lwv pdwkhpdwlfdo gh�qlwlrq jlyhq deryh/ dqg dovr djuhhv zlwk rqhv lqwxlwlrq
derxw wkh phdqlqj ri wkh zrug1 Iru wklv uhdvrq/ zh zloo dovr xvh wklv whup txlwh iuhho|/
srlqwlqj rxw lwv vwulfw pdwkhpdwlfdo phdqlqj rqo| zkhq qhfhvvdu|1
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Iljxuh 517= Wkh Srlqfdu�h pds1

2�e� A�i ,�*ih�@? @?_ w@}h@?}�@? TL�?|t Lu ��i�
Wkh wzr pdlq dssurdfkhv wr wkh ghvfulswlrq ri wkh yhorflw| �hog +514, duh nqrzq
dv wkh Hxohuldq dqg wkh Odjudqjldq srlqw ri ylhz1 Wkh Hxohuldq srlqw ri ylhz lv
frqfhuqhg zlwk wkh _joredo slfwxuh%/ l1h1/ zlwk wkh surshuwlhv ri wkh yhorflw| �hog y
dv lw fkdqjhv lq vsdfh dqg wlph1 Dw wkh vdph wlph/ wkh Odjudqjldq dssurdfk lv wr
prqlwru wkh hyroxwlrq ri lqglylgxdo sduwlfohv/ l1h1/ vroxwlrqv ri +514,1 Wklv gxdolw| fdq
eh h{whqghg wr dq| vfdodu ru yhfwru txdqwlw| f+{> w, dvvrfldwhg zlwk d jlyhq sk|vlfdo
sureohp1 Dffruglqjo|/ wkh Hxohuldq wlph ghulydwlyh ri f lv Cf@Cw/ zkloh wkh Odjudqjldq
ru pdwhuldo ghulydwlyh lv gh�qhg dv

Gf
Gw @ Cf

Cw .uf � y>
zklfk lv wkh wlph ghulydwlyh ri f+{+w,> w,= Wkh txdqwlw| f+{> w, lv fdoohg d �uvw lqwhjudo/
dq lqwhjudo ri wkh prwlrq/ ru dq lqyduldqw/ li

Gf
Gw � 3> +517,

l1h1/ f grhv qrw fkdqjh dorqj �xlg sduwlfoh prwlrqv1
H{dpsoh 41 �t �i hiU@**i_ �? 5iU|�L? ��2�2c uLh |�L�_�4i?t�L?@* �L�t |�i t�?}*i ?L|�
�_i?|�U@**)�3ihL UL4TL?i?| Lu |�i �Lh|�U�|) �t @ �ht| �?|i}h@*�
H{dpsoh 51 6Lh t|i@_)c �?��tU�_ �L�t ��|�L�| uLhU�?}c |�i �@��ih�5|L!it i^�@|�L? |@!it
|�i uLh4

y�uy @ �4
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Iru jhrphwulf pl{lqj wkhru|/ wkh edvlf srlqw ri ylhz lv Odjudqjldq1 Wkh pdlq uhd0
vrq iru wklv lv wkdw wkh dgyhfwlyh sduw ri pl{lqj zloo wxuq rxw wr eh jryhuqhg e|
glvwlqjxlvkhg lqyduldqw vxuidfhv +ru pdqlirogv, lq wkh h{whqghg skdvh vsdfh [ � U=
Dq lqyduldqw pdqlirog iru wkh g|qdplfdo v|vwhp +514, lv d vprrwk vhw ri wudmhfwrulhv
lq [ � U= E| gh�qlwlrq/ d vroxwlrq vwduwlqj rq dq lqyduldqw pdqlirog vwd|v rq lw/ dv
vkrzq lq Ilj1 5181 Iru d wkuhh0glphqvlrqdo yhorflw| �hog/ lqyduldqw pdqlirogv fdq eh
ri glphqvlrq rqh +d vlqjoh wudmhfwru|,/ wzr +wudmhfwrulhv vwduwlqj iurp d fxuyh,/ wkuhh
+wudmhfwrulhv vwduwlqj iurp d wzr0glphqvlrqdo vxuidfh,/ ru irxu +wudmhfwrulhv vwduwlqj
iurp d wkuhh0glphqvlrqdo eore,1 Iru wzr0glphqvlrqdo yhorflw| �hogv/ rqo| rqh/ wzr/
dqg wkuhh0glphqvlrqdo lqyduldqw pdqlirogv duh srvvleoh1 Wkh w @ frqvw volfhv ri dq
lqyduldqw pdqlirog duh fdoohg pdwhuldo olqhv dqg pdwhuldo vxuidfhv/ uhvshfwlyho|/ lq
�xlg phfkdqlfv1 Wkhvh duh wlph0ghshqghqw olqhv dqg vxuidfhv wkdw dozd|v frqvlvw ri
wkh vdph �xlg sduwlfohv +vhh Ilj1 518,1

Iljxuh 518= Dq lqyduldqw pdqlirog dqg d pdwhuldo olqh1
Qrwh wkdw d fxuyh ru vxuidfh � ri lqlwldo frqglwlrqv dozd|v jhqhudwhv dq lqyduldqw

pdqlirog wkurxjk wkh wudmhfwrulhv sdvvlqj wkurxjk lw1 Krzhyhu/ prvw ri wkhvh pdql0
irogv kdyh qr vshfldo vljql�fdqfh1 Ehorz lv dq h{dpsoh ri lqyduldqw pdqlirogv wkdw duh
g|qdplfdoo| glvwlqjxlvkhg= wkh| vhsdudwh uhjlrqv ri gl�huhqw txdolwdwlyh ehkdylru1

45



H{dpsoh 61 �L?t�_ih |�i t|i@_) �i*LU�|) �i*_ y+{, @ D{ ��|� |�i UL?t|@?| 4@|h� 

D @
� 4 3

3 �4
�
=

A�i T�@ti TLh|h@�| Lu |�i t)t|i4 b{ @ y+{, �t t�L�? �? 6�}� 2�S@c uhL4 ���U� L?i U@?
hiUL?t|h�U| |�i }iL4i|h) �? |�i i |i?_i_ T�@ti tT@Uic @t t�L�? �? 6�}� 2�SM� A�L �?�@h�@?|
4@?�uL*_tc P4 @?_ P5c i4@?@|�?} uhL4 |�i *�?i {4 @ {5 @ 3 @| w @ 3> �@�i tTiU�@*
t�}?��U@?Ui� A�i) _���_i |�i T*@?i �?|L uL�h hi}�L?t� A�i hi}�L?t _�gih uhL4 i@U� L|�ih �?
|�i uLh�@h_ Lh M@U!�@h_ @t)4T|L|�U Mi�@��Lh Lu |h@�iU|Lh�it� �*tLc |�i uL�h hi}�L?t _L ?L|
4� ��|� i@U� L|�ihG |�i) |�i4ti*�it @hi |�hii�_�4i?t�L?@* �?�@h�@?| 4@?�uL*_t �? [ � U=
�L|i |�@| ?i@hM) |h@�iU|Lh�it @hi i�|�ih @||h@U|i_ |Lc Lh hiTi**i_ uhL4c P4 @?_ P5c���U�
��** Mi @ U�@h@U|ih�t|�U ui@|�hi Lu 4@?�uL*_t ��|� _)?@4�U@* t�}?��U@?Ui uLh 4� �?}�

Iljxuh 519= +d, Vdggoh srlqw lq wkh skdvh vsdfh1 +e, Wkh fruuhvsrqglqj lqyduldqw
pdqlirogv lq wkh h{whqghg skdvh vsdfh1

Dq lpsruwdqw fodvv ri lqyduldqw pdqlirogv lv jhqhudwhg e| �uvw lqwhjudov1 Li f+{> w,
lv d �uvw lqwhjudo +vhh +518,,/ wkhq lqglylgxdo wudmhfwrulhv duh frq�qhg wr ohyho vhwv ri
f1
H{dpsoh 71 Dv iroorzv iurp H{dpsoh 4/ iru wzr0glphqvlrqdo lqylvflg yhorflw| �hogv/
�xlg sduwlfoh prwlrqv duh frq�qhg wr wkh ohyho vhwv ri wkh yruwlflw| /+{>w, lq wkh
h{whqghg skdvh vsdfh1
H{dpsoh 81 Dv iroorzv iurp H{dpsoh 5/ iru vwhdg|/ lqylvflg yhorflw| �hogv/ wkh wud0
mhfwrulhv olh lq wkh ohyho vhwv ri wkh Ehuqrxool vxp 4

5� mym5 . s=
E| wkh lpsolflw ixqfwlrq wkhruhp ri uhdo dqdo|vlv/ vxfk d ohyho vhw lv orfdoo| d

vprrwk vxuidfh durxqg d srlqw +{3> w3, li�
uf+{> w,> CfCw

�
9@ 3>
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zlwk u uhihuulqj wr wkh judglhqw zlwk uhvshfw wr {1 Lq wkuhh0glphqvlrqdo yhfwru0
�hogv wkh deryh frqglwlrqv dvvxuhv wkdw wkh ohyho vhw ri wkh lqwhjudo lv orfdoo| d wkuhh0
glphqvlrqdo pdqlirog lq [ � U= Iru wzr0glphqvlrqdo y wkh ohyho vhw lv orfdoo| wzr0
glphqvlrqdo pdqlirog lq wkh h{whqghg skdvh vsdfh1 Vxfk pdqlirogv/ zlwk wkhlu gl0
phqvlrq ehlqj rqh ohvv wkdq wkdw ri wkh dpelhqw vsdfh/ duh fdoohg frglphqvlrq rqh
pdqlirogv ru k|shuvxuidfhv1

2�S� ��@?}i Lu �L*�4i
Shukdsv wkh vlpsohvw txhvwlrq rqh pljkw dvn derxw wkh jhrphwu| ri pl{lqj lv wkh
iroorzlqj= Krz grhv/ li dw doo/ wkh phdvxuh ri d eore G3 ri lqlwldo frqglwlrqv fkdqjh lq
wlphB E| phdvxuh khuh zh vlpso| phdq duhd li { lv wzr0glphqvlrqdo/ dqg yroxph li
{ lv wkuhh0glphqvlrqdo1 Wkh prvw frqyhqlhqw dqvzhu wr wklv txhvwlrq fdq eh jlyhq lq
whupv ri wkh lqvwdqwdqhrxv udwh ri fkdqjh ri wkh yroxph +ru duhd, Y +w, ri wkh hyroylqj
eore G+w, @ Iww3+G+w3,, +vhh Ilj1 51:,1

Iljxuh 51:= Wkh jhrphwu| ri Olrxylooh*v wkhruhp1

Wkhruhp 9 +Olrxylooh*v Wkhruhp,1 Wkh udwh ri fkdqjh ri Y reh|v wkh irupxod
bY +w3, @

]
G3
u � y+{> w3,g{=

Surri= 5�?Ui |�i �L*�4i Lu G+w, �t }��i? M) |�i uLh4�*@ Y +w, @ U
G+w, g{> M) |�i U�@?}i

Lu �@h�@M*it uLh4�*@ uhL4 4�*|��@h�@M*i U@*U�*�t �i �@�i Y +w, @ U
Y3 ghw

�uIww3+{,
� g{>

uhL4 ���U� �i LM|@�?
bY +w, @

]
G

g
gw

�ghwuIww3+{,
� g{= +518,

AL U@*U�*@|i |�i �?|i}h@?_c �i �ht| A@)*Lh�i T@?_ I ww3+{, @hL�?_ w3 =
Iww3+{, @ {. y+{>w3,+w� w3, .R++w� w3,5,=

47



6hL4 |��t �i LM|@�?
uIww3+{, @ L .uy+{>w3,+w� w3, .R++w� w3,5,=
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Olrxylooh*v wkhruhp lghqwl�hv wkh edvlf dfwlrq ri wkh �rz rq yroxph hohphqwv zlwk0
rxw xvlqj dfwxdo wudmhfwrulhv ri yhorflw| �hog1 Qdpho|/ d yhfwru �hog zlwk qhjdwlyh
glyhujhqfh frpsuhvvhv yroxph/ zkloh rqh zlwk srvlwlyh glyhujhqfh h{sdqgv yroxph1
W|slfdo �xlg yhorflw| �hogv duh forvhu wr wkh fdvh ri u � y @3> l1h1/ wkh| duh lqfrp0
suhvvleoh1

2�.� A�L�_�4i?t�L?@* �?UL4Thitt�M*i ���_t
51:141 Kdplowrqldq vwuxfwxuh= wkh vwuhdpixqfwlrq
Iru d wzr0glphqvlrqdo yhorflw| �hog y+{> w,@ +x+{> |> w,> y+{> |> w,,> wkh lqfrpsuhvvlelo0
lw| frqglwlrq u � y @3 wdnhv wkh irup

Cx
C{ . Cy

C| @ 3=
Wklv lpsolhv/ wkdw iru wkh wkuhh0glphqvlrqdo yhorflw| �hog z @ +�y> x> 3,> zh kdyh
u�z @31 Wkhq/ e| d zhoo0nqrzq uhvxow iurp srwhqwldo wkhru|/ wkh luurwdwlrqdo �hog
z dgplwv d srwhqwldo ixqfwlrq # rq d vlpso| frqqhfwhg grpdlq/ l1h1/ z @ u#= Wkh
odvw frpsrqhqw ri wklv htxdwlrq jlyhv C#@C} @ 3> + ! grhv qrw ghshqg rq },/ zkloh
wkh �uvw wzr frpsrqhqwv jlyh

b{ @ x+{> |> w, @ C#+{> |> w,
C| >

b| @ y+{> |> w, @ �C#+{> |> w,
C{ = +519,

Lq fodvvlfdo phfkdqlfv/ dq htxdwlrq ri wklv nlqg lv fdoohg d rqh0ghjuhh0ri0iuhhgrp
Kdplowrqldq v|vwhp zlwk wkh Kdplowrqldq !1 Lq �xlg phfkdqlfv wkh Kdplowrqldq
lv fdoohg wkh vwuhdpixqfwlrq15 Wkh qdph uhihuv wr wkh idfw wkdw iru dq| �{hg w/ wkh

2W| �t i^�@**) UL44L? �? |�i *�|ih@|�hi |L U@** 3� |�i t|hi@4u�?U|�L?c �? ���U� U@ti |�i �i*LU�|)
�i*_ �t Lu |�i uLh4

�% ' 3Y�E%c +c |�
Y+ c �+ ' Y�E%c +c |�

Y% �
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ohyho fxuyhv ri # frlqflgh zlwk vwuhdpolqhv1 Wklv fdq eh vhhq e| qrwlqj wkdw y�u# � 3>
l1h1/ wkh yhorflw| �hog lv hyhu|zkhuh shushqglfxodu wr d yhfwru wkdw lv qrupdo wr wkh
ohyho fxuyhv ri #1

Lq g|qdplfdo v|vwhpv wkhru|/ lw lv fxvwrpdu| wr xvh d pruh frpsdfw qrwdwlrq iru
v|vwhp +519,1 Ohw xv lqwurgxfh wkh vnhz0v|pphwulf pdwul{6

M @
� 3 �4

4 3
�
=

Xvlqj wklv pdwul{/ zh fdq uhzulwh +519, dv
b{ @Mu#+{>w,>

zklfk pdnhv lw hdvlhu wr glvfxvv wkh vwuxfwxuh ri wkh yhorflw| �hog1 Iru lqvwdqfh/ wkh
yhorflw| �hog lv hdvlo| vhhq wr eh wdqjhqw wr vwuhdpolqhv vlqfh wkh lqqhu surgxfw ri wkh
judglhqw u# dqg Mu# pxvw eh }hur71

Wkh vwuhdpixqfwlrq lv rqo| xqltxh xs wr dq dgglwlyh ixqfwlrq ri wlph1 Iru vwhdg|
yhorflw| �hogv/ rqh fdq fkrrvh # wlph0lqghshqghqw/ lq zklfk fdvh lwv ohyho fxuyhv
frlqflgh zlwk �xlg sduwlfoh wudmhfwrulhv1 Lq rwkhu zrugv/ # lv d �uvw lqwhjudo lq wkh
vwhdg| fdvh1

51:151 Edvlf wrsrorj| ri vwuhdpolqhv
Iru lqfrpsuhvvleoh/ wzr0glphqvlrqdo �xlgv wkh vwuhdpolqhv duh ohyho vhwv ri #= Wkhlu
jhrphwu| fkdqjhv lq wlph/ exw iru dq| �{hg w/ lw pxvw reh| vrph edvlf surshuwlhv1

41 Dq| erxqgdu| lv qhfhvvdulo| d vwuhdpolqh +vhh Ilj1 51;d,
51 D vwuhdpolqh fdq hqg rq d erxqgdu|/ exw qrw dzd| iurp wkh erxqgdu| +vhh Ilj1

51;d,1
61 Dq| vwuhdpolqh rq zklfk u# 9@ 3 lv d vprrwk fxuyh1 Dv d frqvhtxhqfh/ qrq0

vprrwk vwuhdpolqhv/ lqfoxglqj vhoi0lqwhuvhfwlqj vwuhdpolqhv/ dozd|v frqwdlq d
vwdjqdwlrq srlqw/ l1h1/ d srlqw zkhuh wkh yhorflw| �hog ydqlvkhv +vhh Ilj1 51;f,1 Lq
fdvh ri qr0vols erxqgdu| frqglwlrqv/ wkh zkroh erxqgdu| lv �oohg zlwk vwdjqdwlrq
srlqwv1

71 Dw dq| vwdjqdwlrq srlqw s wkh wudfh ri wkh Mdfreldq uy @ Mu5# lv }hur/ zklfk
lpsolhv wkdw iru dq| w/ wkh hljhqydoxhv �4 dqg �5 ri Mu5#+s> w, dgg xs wr }hur1
Dv d uhvxow/ dq| vwdjqdwlrq srlqw lv rqh ri wkh iroorzlqj irxu w|shv=
+d, �4 ? 3 ? �5 = K|shuerolf vwdjqdwlrq srlqw ru vdggoh1 Lq wklv fdvh s lv dw wkh

lqwhuvhfwlrq ri wzr vwuhdpolqhv/ wkdw dv|pswrwh wr wkh hljhqyhfwruv ri wkh
pdwul{ Mu5#+s> w,= Dv d uhvxow/ wkh| dozd|v lqwhuvhfw dw d qrq}hur dqjoh

�A��t 4@|h� �t �t�@**) hiuihhi_ |L @t |�i |�L�_�4i?t�L?@* U@?L?�U@* t)4T*iU|�U 4@|h� �? |�i
|�iLh) Lu O@4�*|L?�@? t)t|i4t�
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Iljxuh 51;= Edvlf vwuhdpolqh wrsrorj| lq wzr0glphqvlrqdo lqfrpsuhvvleoh �rzv1

+e, �4>5 @ 	l$ = Hoolswlf vwdjqdwlrq srlqw ru fhqwhu1 Wkh srlqw s lv vxuurxqghg
e| forvhg vwuhdpolqhv zlwk qrqydqlvklqj yhorflw|1

+f, �4 @ �5 @ 3> dqg Mu5#+s> w, kdv rqo| rqh olqhduo| lqghshqghqw hljhqyhfwru1
Wkh vwdjqdwlrq srlqw s pd| ru pd| qrw eh lvrodwhg lq wklv fdvh1 Lq wkh
iruphu fdvh zh kdyh d fxvs dqg wkh odwwhu fdvh lqyroyhv prvw iuhtxhqwo| d
erxqgdu| srlqw rq d erxqgdu| zlwk qr0vols erxqgdu| frqglwlrq1

+g, �4 @ �5 @ 3> dqg Mu5#+s> w, kdv wzr olqhduo| lqghshqghqw hljhqyhfwru1 Lq
wklv fdvh/ wkh yhorflw| �hog dw s kdv qr olqhdu frpsrqhqw1 Wkh jhrphwu|
ri vwuhdpolqhv ghshqgv rq wkh jlyhq sureohp1 Rqh h{wuhph fdvh lv zkhuh
s lv mxvw d srlqw lq d �rz dw uhvw1 D pruh frpprq fdvh lv zkhuh s lv
d glvwlqjxlvkhg erxqgdu| srlqw rq d erxqgdu| zlwk qr0vols erxqgdu| frq0
glwlrqv1 D glvwlqjxlvkhg vwdjqdwlrq srlqw/ vxfk dv d vhsdudwlrq srlqw ru
uhdwwdfkphqw srlqw/ lv rqh zkhuh d vwuhdpolqh hpdqdwlqj iurp wkh lqwhulru
frqqhfwv wr wkh erxqgdu|1

Wkh irxu pdlq w|shv ri vwdjqdwlrq srlqwv duh vkrzq lq Ilj1 BB1 Jhrphwulfdoo|/
vwdjqdwlrq srlqwv duh orfdo h{wuhpd ri wkh ohyho vxuidfhv ri #+{>w, iru �{hg w1
K|shuerolf vwdjqdwlrq srlqwv lqglfdwh d vdggoh rq d ohyho vxuidfh/ zkloh hoolswlf
vwdjqdwlrq srlqwv fruuhvsrqg wr orfdo pd{lpd ru plqlpd +vhh Ilj1 5143,1

81 K|shuerolf dqg hoolswlf vwdjqdwlrq srlqwv duh fdoohg qrqghjhqhudwh/ dv wkh| fru0
uhvsrqg wr ghw �Mu5#+s> w,� 9@ 31 W|slfdo vwdjqdwlrq srlqwv dzd| iurp erxqg0
dulhv duh qrqghjhqhudwh1 E| wkh lpsolflw ixqfwlrq wkhruhp/ wkh| duh vwuxfwxudoo|
vwdeoh/ l1h1/ wkh| pd| pryh dv # fkdqjhv lq wlph/ exw zloo shuvlvw iru iruzdug
dqg edfnzdug wlphv forvh hqrxjk wr w1 Lq frqwudvw/ ghjhqhudwh vwdjqdwlrq srlqwv
dzd| iurp wkh erxqgdu| duh qrw vwuxfwxudoo| vwdeoh= dv w lv fkdqjhg/ wkh| hl0
wkhu glvdsshdu ru wxuq lqwr rqh ru pruh qrqghjhqhudwh vwdjqdwlrq srlqwv/ zklfk
zloo lq wxuq eh urexvw lq wlph1 Wkh odwwhu fdvh lv fdoohg d elixufdwlrq ri vwdj0
qdwlrq srlqwv1 Wkh vwuxfwxudo vwdelolw| ri qrqghjhqhudwh vwdjqdwlrq srlqwv dovr
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Iljxuh 51<= Wkh irxu edvlf vwdjqdwlrq srlqwv lq wzr glphqvlrqdo/ lqfrpsuhvvleoh yh0
orflw| �hogv1

lqyroyhv dqrwkhu surshuw|= wkh| zloo dovr shuvlvw xqghu vpdoo shuwxuedwlrqv ri
wkh vwuhdpixqfwlrq1

91 D vwdjqdwlrq srlqw pd| eh frqqhfwhg wr lwvhoi wkurxjk d krprfolqlf8 vwuhdpolqh1
Krprfolqlf vwuhdpolqhv dwwdfkhg wr k|shuerolf vwdjqdwlrq srlqwv duh vwuxfwxudoo|
vwdeoh lq wkh vhqvh ghvfulehg deryh= wkh| pljkw ghirup exw zloo shuvlvw iru qhdue|
wlphv dqg iru vpdoo shuwxuedwlrqv ri wkh vwuhdpixqfwlrq1 Wklv uhdglo| iroorzv
li rqh slfwxuhv wkh ri wkh fruuhvsrqglqj frqwrxu olqh rq d # @ frqvw vxuidfh/
dv vkrzq lq Ilj1 51441 Lqghhg/ d qhdue|/ vlplodu frqwrxu olqh zloo fohduo| h{lvw
xqghu vpdoo vprrwk ghirupdwlrqv ri #1

:1 Vwuhdpolqhv frqqhfwlqj gl�huhqw vwdjqdwlrq srlqwv duh fdoohg khwhurfolqlf1 Xqolnh
krprfolqlf vwuhdpolqhv/ khwhurfolqlf vwuhdpolqhv duh qrw urexvw zlwk uhvshfw wr
fkdqjhv ri # lq wlph/ ru zlwk uhvshfw wr shuwxuedwlrqv ri #+{>w,> xqohvv vrph
vshfldo v|pphwu| lv suhvhqw1 Wkh uhdvrq lv wkdw dw wzr glvwlqfw vwdjqdwlrq srlqwv
# zloo w|slfdoo| kdyh gl�huhqw ydoxh/ lq zklfk fdvh wkh| fdqqrw eh frqqhfwhg e|
ohyho fxuyhv ri #1 Lq wkh devhqfh ri vrph vshfldo v|pphwu|/ vxfk d frqqhfwlrq
lv vhhq rqo| dw lvrodwhg wlph lqvwdqfhv1 Iljxuh 5145 vkrzv wkh w|slfdo idwh ri dq
lqvwdqwdqhrxv khwhurfolqlf vwuhdpolqh dv w lv ydulhg1

51:161 Iox{ dfurvv d fxuyh
Wkhuh lv dqrwkhu phdqlqj ri wkh vwuhdpixqfwlrq/ uhodwhg wr pl{lqj/ zklfk dovr krogv
lq wkh xqvwhdg| fdvh1 Frqvlghu d vprrwk fxuyh � mrlqlqj wzr srlqwv D dqg E1 Wkh

DA�i |ih4 �L4LU*�?�U �t Lh�}�?@**) _�i |L �L�?U@h�ic @?_ �@t �?|hL_�Ui_ |L _itUh�Mi tL*�|�L?t
Lu _�gihi?|�@* i^�@|�L?t |�@| @TThL@U� |�i t@4i i^��*�Mh��4 TL�?| �? uLh�@h_ @?_ M@U!�@h_ |�4i�
5L*�|�L?t UL??iU|�?} _�gihi?| i^��*�Mh�@ @hi U@**i_ �i|ihLU*�?�U�
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Iljxuh 5143= Qrqghjhqhudwh h{wuhpd ri d ohyho vhw ri wkh vwuhdp ixqfwlrq/ dqg wkh
fruuhvsrqglqj vwdjqdwlrq srlqwv1

Iljxuh 5144= Shuvlvwhqfh ri d krprfolqlf vwuhdpolqh iru wlphv qhdu w31

lqvwdqwdqhrxv �x{ ri wkh yhorflw| �hog dfurvv � lv gh�qhg dv

Iox{+w, @
] E

D
y+{>w,gq>

zkhuh q ghqrwhv wkh qrupdo gluhfwlrq wr � 1 Xvlqj +519,/ zh fdq dfwxdoo| frpsxwh
wklv �x{ e| lqwurgxflqj wkh xqlw qrupdo Q wr � dqg zulwlqj

Iox{+w, @
] E

D
y+{>w, gq @

] E

D
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] E

D
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] E

D
C#
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D
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Iljxuh 5145= Euhdngrzq ri d khwhurfolqlf vwuhdpolqh dv wlph lv ydulhg1

Wkxv/ zh rewdlq wkdw wkh �x{ wkurxjk d fxuyh � lv htxdo wr wkh gl�huhqfh lq wkh ydoxhv
ri wkh vwuhdpixqfwlrq dw wkh hqgsrlqwv ri �= Wklv dovr lpsolhv wkdw wkh �x{ lv wkh vdph
iru dq| wzr rulhqwhg fxuyhv frqqhfwlqj D wr E1 Wkdw/ lq wxuq lpsolhv/ wkdw wkh �x{
zlwk uhvshfw wr d forvhg fxuyh lv }hur +vhh Ilj1 5146,/ zklfk lv ri frxuvh qr vxusulvh
e| lqfrpsuhvvlelolw|1

Iljxuh 5146= Wkh �x{ dfurvv � lv wkh vdp dv wkh �x{ dfurvv �3> zklfk lq wxuq lpsolhv
}hur �x{ dfurvv � ^��31

Lw lv lpsruwdqw wr qrwh wkdw d }hur qhw �x{ dfurvv d fxuyh grhv qrw lpso| wkdw wkhuh
lv qrw �xlg pl{lqj wkurxjk wkh fxuyh1 Lq idfw/ pl{lqj fdq eh txlwh lqwhqvh wkurxjk �
dqg lv lqghshqghqw ri wkh ydoxh ri wkh qhw lqvwdqwdqhrxv �x{ uhodwlyh wr �=

51:171 Iox{ lqwr d ulqj
Lq vrph fdvhv rqh lv lqwhuhvwhg lq wkh lqvwdqwdqhrxv �x{ ri �xlg sduwlfohv uhodwlyh wr d
vwuxfwxuh wkdw fkdqjhg lwv vkdsh lq wlph1 Iru lqvwdqfh/ lq jhrsk|vlfdo �xlg g|qdplfv d
vhw ri forvhg vwuhdpolqhv lv riwhq uhihuuhg wr dv d ulqj +Ilj1 5147,1 D ulqj pd| jurz ru
vkulqn lq wlph/ l1h1/ wkh forvhg vwuhdpolqh �w wkdw rqh vhohfwv dv d ulqj erxqgdu| dw wlph
w zloo eh wlph0ghshqghqw1 Hyhq wkrxjk wkh yhorflw| �hog lv dozd|v wdqjhqw wr wkh ulqj
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Iljxuh 5147= D ulqj zlwk wlph0ghshqghqw erxqgdu| �w=

erxqgdu| e| gh�qlwlrq/ wkh �x{ ri sduwlfohv lqwr d jurzlqj ulqj lv fohduo| srvlwlyh19
Wkh �x{ ri wudmhfwrulhv fdq wkhq eh ehwwhu ylvxdol}hg lq wkh h{whqghg skdvhv vsdfh/
zkhuh wkh jurzlqj ulqj erxqgdu| dsshduv dv d wzr0glphqvlrqdo f|olqgulfdo vxuidfh1
Ehwzhhq wzr �{hg wlphv/ wkh �x{ wkurxjk wklv vxuidfh pxvw eh htxdo wr wkh gl�huhqfh
ri ulqj duhdv1 Dv d uhvxow/ wkh lqvwdqwdqhrxv �x{ lv rewdlqhg dv

Iox{+w, @ gD+w,
gw >

zkhuh D+w, ghqrwhv wkh wlph0ghshqghqw duhd ri wkh ulqj1:
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6hL4 @? ,�*ih�@? TL�?| Lu ��i�c |�i ML�?_@h) Lu |�i i__) �t _i�?i_ M) |�i t|hi@4*�?i

Iljxuh 5148= Lqvwdqwdqhrxv vwuhdpolqh frq�jxudwlrq iru d fruqhu hgg|1
SA�i ���_ �t �?UL4Thitt�M*ic tL |�i 4@tt Lu ���_ i?U*Lti_ M) @ *@h}ih h�?} ML�?_@h) 4�t| Mi
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