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initially orthogonal alignments (also see the expanded discussion of Figure 9 in section 4.3 below). Where
these secondary instabilities occur in close proximity to the evolving knots (see Figures 7b–7d), they are
entrained into the knots and contribute to the complexity and intensity of their dynamics thereafter. We
note, in particular, the entrainment of secondary KHI (having initial largely spanwise alignments) into
the upper left vortex tube from the lower left in Figures 7b and 7c. We also note the entrainment of initial
largely streamwise‐aligned CI within the outer KH Billow 4 and 5 cores at right around the right extent of
the same underlying vortex tube at right in Figures 7b and 7c. These various vortex dynamics contribute
to rapidly evolving and increasingly complex knots that exhibit rapid cascades to smaller scales thereafter.

Figure 6. (a–f ) KHI tube and knot evolution due to linking of misaligned billows spanning ~2 Tb viewed from above
beginning at the initial time in Figures 3 and 4. Shown are volumetric views of λ2, with small values dark green and
large values red in a subset of the full domain. Here, x and y increase toward top and left, respectively, and positive mean
ζy is toward increasing y (to the left). Panel (a) shows the axes.
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3. CGCAM Description and Configuration
3.1. Governing Equations and Solution Method

CGCAM employs the finite‐volume method described by Felten and Lund (2006) to discretize the com-
pressible Navier‐Stokes equations such that they result in exact numerical conservation of mass, momen-
tum, and kinetic and thermal energy and thus faithfully represent the underlying conservation laws, apart
from specified dissipation. These equations are expressed in strong conservation law (divergence) form
written as

Figure 1. Differenced brightness images from H20 at ~90‐s intervals showing emerging vorticity dynamics as
KH billows that are deformed and/or misaligned evolve to larger amplitudes and exhibit various instability dynamics
in an ~50 × 50‐km field of view (with north at top and east at left). See the image dimensions at upper left and notation
and highlights of the relevant features where they first arise and evolve thereafter.
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Scaling:
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Note: if f(Ri)=1 then lv = lo = √(𝜀/N3), the Osmidov scale, 
and if f(Ri)=Ri-3/2 (as Ri→0) then lv = lC = √(𝜀/S3), the 
Corrsin scale.

See Ijichi and Hibiya JPO(2018) for 
estimates of 𝜸

 = � ✏
N2

Osborn 1982





Salinity along 165E: April 1988
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“Big whirls have little whirls that feed 
on their velocity, 
and little whirls have lesser whirls and 
so on to viscosity” 
Lewis Fry Richardson
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The variation of ε !N for constant Ri has  
implications for the scaling of the turbulence

then
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Observed versus Estimated ε
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v Important to resolve flow 
features  generating turbulence

v Need to consider turbulent 
length  scale

v What do you do if relevant
scales  are not resolved?



Parameterization if S2, N2 NOT resolved

(S2, N2) ⇠ (hUi, hNi2, F (x� x0, t� t0), FT #)

(x, t) =
�
N2 ✏(S2, N2)



Instabilities

Shear + Oscillatory flow = Inertial Instability and/or PSI

producing small vertical scales



Results from non linear model. Initial 
conditions: EUC and NECC with 
superimposed 20 cm s-1 Yanai wave

Day 70

Day 150

Inertial instability

PSI

Model developed by Hidenori Aiki
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FIG. 2. Snapshots of the meridional component of velocity on days 40 (top), 240 (middle), and 480 (bottom row). Left
panels: 2d; right panels: 3d at a given longitude. Vertical dashed lines mark the boundaries of the region of initial anomalous
background vorticity.

high as 0.1 m s
-1, and the vertical scale of the dominant disturbance in the initially unstable region

has increased. The rolls are no longer confined to the initially unstable region but extend by as much
as 150 km both poleward and equatorward into the initially stable regions. Strong southward propa-
gating inertia-gravity waves (IGWs) are radiated from the instability region in the 3d experiment,
whereas no such radiation occurs in the 2d case. These IGWs are zonally asymmetric. Note the
absence of IGW radiation to the north of the unstable region.

The IGWs reflect o↵ the southern boundary and propagate back into the domain. Although this
may increase SVS intensity, levels of energy dissipation and mixing away from the equator are not
unduly a↵ected (see Section III E below). There is a meridional asymmetry in the wave field but not
energy dissipation rate at large times (compare Figures 2(f) and 10).

On day 480 (the bottom row), the meridional velocity component field has largely decayed
in the 2d experiment, whereas in the 3d experiment its intensity has undergone no noticeable
change since day 240. Just as on day 240, the nature of the SVS field close to the equator is
markedly di↵erent from the SVS field south of -200 km, where IGWs propagating at a steep angle
dominate.
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features during three-dimensional equilibration
of equatorial inertial instability
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FIG. 10. Evolution of vertically and zonally averaged vertical eddy di↵usion coe�cient: (a) 2d, (b) 3d.

the boundaries of the initial unstable region (compare with Figure 5, panel (a)). In the 3d case, the
latitudinal pattern in the zonally averaged vertical eddy di↵usion coe�cient becomes approximately
symmetric with respect to the equator by day 300 and is spread over a somewhat wider region.

In both cases, high dissipation is confined to within 200–300 km of the equator. Similarly,
the formation of density staircases is mostly confined to the vicinity of the dynamic equator. This
suggests that the poor correspondence between the numerical experiment and linear stability analysis
in the meridional structure for the (k = 3; m = 14) mode shown in panels (c) and (d) of Figure 9 is
due to enhanced dissipation close to the equator in the nonlinear model.

F. Robustness of the results

The main result of our study is that in the fully three-dimensional case, the equatorial inertial
instability produces sustained SVS features through a sequence of zonally nonsymmetric inertial
instabilities. To test the robustness of this result we conducted a number of numerical experiments
with various modifications of the initial conditions, background flows, viscosity coe�cients, and
domain sizes.

The results are in general insensitive to the form of the initial perturbation. Additional numerical
experiments initialized only with vertical mode 30, 20, and 1 (see the end of Section III A) show
that while there are obvious di↵erences between the experiments at the start of the simulation, the
characteristics of the solution are similar after the equilibration of the primary instability. Note that
in the experiment initialized with a vertical mode 1 disturbance, the inertially unstable modes arise
as a higher harmonic of the initial mode through nonlinear self-interaction. Thus, our results still
apply even when no high vertical mode disturbance is initially present in the system.

The qualitative features of the spectral evolution are also robust with respect to changes
in the background flow as indicated by an analysis of a similar set of experiments with
⇤ = 3 ⇥ 10-6

days
-1.

In the experiments described above, we use a very low value of the horizontal di↵usion
coe�cient. With the horizontal viscosity an order of magnitude higher, the SVS activity is slightly
suppressed but the dominant modes and the baroclinic structure of the evolving flow persist.

To test the sensitivity of our results to the zonal extent of the domain, we perform two experiments
with the length of the computational domain doubled (3d - 2Lx) and halved (3d - Lx/2). The
stability diagram for the initial background flow (Figure 1) shows that in the 3d - 2Lx experiment,
the disturbances with faster growth rates and higher vertical mode numbers are possible, while for
the 3d - Lx/2 experiment no strong nonsymmetric instabilities initially exist. Comparison of the
vertical mode spectra evolution on the equator confirms predictions of the linear stability theory. The
spectral intensity of the signal in the 3d - Lx/2 experiment is more similar to the zonally symmetric
case 2d than to a fully three-dimensional regime (compare panels (a) and (b) in Figure 11).
One significant di↵erence between the 2d and 3d - Lx/2 experiments is the onset of barotropic
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On-Eq winds
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Figure 4. Base-10 logarithm of time-averaged vertical eddy viscosity
coefficient below the mixed layer. (upper panel) Period I (equatorial winds).
(lower panel) Period II (off-equatorial winds).

dissipation in the pycnocline is confined to the proximity of the equa-
tor for both on- and off-equatorial winds. Strong dissipation just below
the mixed layer is more spread out meridionally in both experiments,
although even here enhanced dissipation extends deeper into the transi-
tion layer close to the equator. As we show in section 4.3, mixing in the
transition layer close to the equator is due to the Yoshida jet driven by the
convergence of Ekman transport in the mixed layer on the equator and
is considerably more enhanced in the equatorial winds case than in the
off-equatorial winds case.

3.3. Froude Number
As described in section 2, the interior eddy viscosity coefficient in our
model is a function of the Richardson number Ri, or its inverse, the
Froude number squared Fr2. The upper panel of Figure 5 shows the snap-
shot of the Froude number squared on Day 244, and the lower panel
shows the temporal average of the Froude number over the integration
period for the off-equatorial wind case. In addition to high values of
the Froude number in the equatorial pycnocline as already conveyed by
Figure 4, we also find relatively high Fr2 values everywhere just below
the mixed layer and below the pycnocline close to the equator. Note
that scales associated with patches of high Froude number are much
smaller in both vertical and horizontal directions in the snapshot than
in the temporal mean. This is consistent with the generation of turbu-
lence in the ocean interior being associated with SVSs. As we show in
section 4.2, most SVSs in Figure 5 originate as IGW beams emanating
from the base of the mixed layer and initially propagating toward the
equator at a well-defined angle in the (y, z) plane. Just below the base of
the mixed layer, the Froude number squared associated with each IGW

beam exceeds the critical value of four but quickly decreases with depth in the transition layer. The Froude
number amplifies once the beam enters the pycnocline. In section 4.2 we use ray tracing to describe changes
to the vertical component of the wave vector, wave energy density, and Froude number as wave packets enter
the pycnocline (depths between 200 and 300 m).

Another important feature of the solution is high values of the Froude number at some depths below the
pycnocline close to the equator. This suggests that equatorial trapping plays an important role in the distri-
bution of the energy dissipation, and this is examined in section 4.2. The Froude number amplification in
this case occurs through convergence of wave action at turning latitudes.

Finally, we cannot rule out nonlinear wave-wave interactions from playing a role in the enhancement of
energy dissipation close to the equator. Vertical scales much smaller than those produced by linear dynamics
can be generated through parametric subharmonic instability (PSI; cf. d'Orgeville & Hua, 2005; Natarov
et al., 2008) and other types of nonlinear wave-wave interactions (cf. McComas & Bretherton, 1977; Staquet
& Sommeria, 2002; Sun & Kunze, 1999) . We argue that the nonlinear cascade to SVSs is indeed manifested
in our simulations in section 4.3, where we also show the importance of the Yoshida jet in driving high levels
of mixing in the transition layer in the immediate proximity of the equator.

3.4. Subinertial and Superinertial Components of the Wind Stress
To better understand the role of wind forcing in determining the spatial distribution of energy dissipation,
we take a closer look at the temporal spectrum characteristics of the wind stress. The temporal resolution
of the wind stress forcing is (Δt)! = 6 hr and the duration of the model integration period is T = 244 days.
The temporal wind stress spectrum and its spectral power density distribution in (", y) space are

!(", #) = 1
T ∫

T

0
dt !(t, #) exp (−i"t) , (16a)

P [!] (", #) = !∗(", #)!(", #), (16b)

respectively, where ! can be either !x or !y, * denotes complex conjugation, for a discrete set of frequencies
"j = 2$j∕T, j = −J! ,−J! + 1, … , J! − 1, J! , where J! = T∕(2(Δt)! ).
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Too hard? Well, try increasing vertical resolution



FK: R/V Falkor cruise,
August 2015 at 170ºW, 1ºN

model high: 1/3º horizonal,
3 m vertical (top 402 m)

model low: 1/3º horizonal,
5-37 m vertical (top ~400 m)
(16 m average)

1/27 (model): 1/27º horizonal,
3 m vertical (top 402 m)
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