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Transition to Turbulence

An album of fluid motion. Van Dyke
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Shear Instability

Reynolds Number: 
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Critical Reynolds number

Re ≳ O(1000)
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Kelvin-Helmholtz
Instability
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Necessary condition for 
instability: 

somewhere in the flow
Miles (1961), Howard 
(1961) 

Richardson
Number

N =
q
� g

⇢o

@⇢(z)
@z

Lewis Fry Richardson



R
ic
/R
i





Convection

Rayleigh Number: 

Ra =
g↵�Td3

⌫

∆T temperature difference
d   distance between plates
α    coef of expansion
ν    kinematic viscosity
κ    thermal diffusivity













Turbulence characteristics
• 3-dimensional
• rotational 

– carries vorticity (unlike linear surface 
waves)

• irregular, unpredictable (random) motion –
described by probability density function

• diffusive – several orders of magnitude 
greater than molecular diffusion

• dissipative – K.E.→ heat
requires steady supply of energy
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Turbulence characteristics
• flow has large Reynolds #,

(nonlinear)
• does not obey a dispersion relation (not 

wavelike)
• broad wavenumber spectrum
• generally anisotropic at larger scales
• is a function of the flow, not the fluid
• satisfies Navier-Stokes equations
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Stirring and Mixing

u Stirring increases area 
of contact

u Sharpens gradients
and reduces scales
down to those where
molecular diffusivity
acts

u Molecular diffusivity
results in irreversible 
mixing

Mixing in turbulent flow ≫ Mixing in laminar flow



Diffusion alone





Stirring





Energy Cascade (Kolmogorov ,1941)



Energy Cascade (L. F. Richardson ,1922)

“Big whirls have little whirls
that feed on their velocity,
and little whirls have smaller whirls
and so on to viscosity”



For Ocean



Homework:

Compare the Batchelor and Kolmogorov length 
scales in the deep and surface ocean where the 
dissipation rate is typically ε=10-9 and 10-5 W kg-1, 
respectively.

What are the scales in the atmospheric boundary 
layer under different conditions?



Vertical turbulent transports

• What is a turbulent flux?

– Reynolds’ decomposition: <wT> = <w><T> + <w’T’>

• What determines the vertical distribution of turbulence?

– TKE equation: dTKE/dt = production – dissipation + 

advection

• How does turbulence determine the interfacial fluxes of heat, 

moisture and momentum?

– Near-surface gradients and TKE levels are related.

• How are vertical turbulent transports modeled?

– Flux profile relationships (Monin-Obukhov similarity theory)

– closure schemes (parameterizations)

– layered versus level models



Turbulent Flux Definitions
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