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Text S1. Hierarchical model for threshold exceedance days8

The beta-binomial distribution offers a general representation of binomially distributed9

count data, including the potential for varying probabilities of an exceedance event. For10

the discrete binomially distributed counts of exceedance days from the threshold experi-11

ment, X = (X1, X2, . . . , XK), the probability of a specific number of exceedance days (x)12

in a single year is given by13

P (Xk = x | p) =

(
N

x

)
px(1− p)N−x, (1)14

where N = 365 days is the number of ‘trials’,
(
N
x

)
is a binomial coefficient, and p is the15

probability of an exceedance occurring on any given day. The probability that Xk = x is16

conditional on p, because p varies with η99. The beta-binomial distribution specifies that17

p ∈ [0, 1] is a continuous random variable with probability density described by a beta18

distribution,19

P (p |α, β) =
Γ(α + β)

Γ(α)Γ(β)
(1− p)β−1pα−1, α > 0, β > 0, (2)20

where Γ(·) is the complete gamma function, and α and β are parameters allowing a wide21

variety of distribution shapes. The combined beta-binomial probability mass function is22

P (Xk = x |α, β) =

(
N

x

)
B(x+ α,N − x+ β)

B(α, β)
, (3)23

where24

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
. (4)25

MLEs of the beta-binomial parameters, α and β, that best fit histograms of counts from26

the threshold experiment (Figure 3b,c in main article) produce distributions that capture27

the probability mass equally well across the η99 space with a reasonable approximation28

November 5, 2018, 11:08pm



THOMPSON ET AL.: HONOLULU FLOODING FREQUENCY X - 3

of the weight in the tails in each case. Note that the fitted α and β parameters vary29

substantially between the narrow ranges of η99 isolated in the histograms. Thus, we seek30

a model for α(η99) and β(η99) that will specify the probability of exceedance days in a31

future year given a projected value of η99.32

Instead of specifying α and β directly, we utilize an equivalent and more intuitive33

formulation of the beta distribution in terms of the mean, µ, and variance, σ2, of (2),34

which can be derived in terms of the α and β parameters,35

µ =
α

α + β
, 0 < µ < 1 (5)36

σ2 =
αβ

(α + β)2(α + β + 1)
, 0 < σ2 < µ(1− µ).37

The relationship between µ and σ2 can also be derived:38

σ2 = νµ(1− µ), 0 < ν < 1, (6)39

where ν = 1/(α + β + 1). Thus, the beta distribution can be fully specified with the40

parameters µ and ν.41

To model µ(η99), we choose the normal cumulative distribution function due to its nat-42

ural interpretation as the probability of a normally distributed random variable exceeding43

a threshold. One might expect the average number of exceedance days per year as a44

function of η99 to behave according to this function. The normal cumulative distribution45

function with range [0, 1] is46

S(x) =
1

2

[
1 + erf

(
x− ξ
ω
√

2

)]
, (7)47

where erf(·) is the Gauss error function, and ξ and ω are parameters representing the48

location and scale of the function, respectively.49
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Aggregating (3)–(7), a hierarchical model for the number of exceedance days in a year50

as a function of η99 can be written,51

X |η99, ξ, ω, ν ∼ BetaBinomial(N,µ,σ2), (8)52

µ = S(η99; ξ, ω),53

σ2 = νµ(1− µ),54

where X and η99 are vectors containing the results of the threshold experiment (i.e.,55

Figure 3a in main article), and µ and σ2 are vectors of parameters that describe the56

beta-binomial distribution governing the probability of observing a specific number of57

exceedance days at each value in η99. The free parameters of this model are Θ = {ξ, ω, ν}.58

Text S2. Bayesian inference of free model parameters59

We use Bayesian inference to estimate the free parameters, Θ = {ξ, ω, ν}, of the model60

developed in Text S1 as random variables with probability distributions conditioned on61

the results of the threshold experiment. The Bayesian approach provides probabilistic es-62

timates of the parameter values and the ability to propagate uncertainty in the model pa-63

rameters forward into a probabilistic framework for 21st century projections of exceedance64

days. Bayes’ rule gives the posterior probability density of the parameters conditional on65

the results of the threshold experiment:66

P (Θ |X,η99) ∝ P (X |η99,Θ)P (Θ), (9)67

where the first density on the right is the beta-binomial likelihood in (8), and the second68

density represents prior belief about the distributions of the parameters before condi-69

tioning on the counts of exceedance days. We choose the following uninformative prior70

November 5, 2018, 11:08pm



THOMPSON ET AL.: HONOLULU FLOODING FREQUENCY X - 5

distributions for the parameters:71

ξ ∼ U(−50, 50)cm, (10)72

ω ∼ U(0, 50)cm,73

ν ∼ U(0, 1),74

where U is a uniform distribution given lower and upper bounds.75

A closed form solution for the posterior distribution is not possible, but it is possible76

to approximate the posterior distribution via Markov Chain Monte Carlo (MCMC). To77

implement Bayesian inference via MCMC, we build and evaluate the model in PyMC378

(Salvatier, Wiecki, & Fonnesbeck, 2016), an open source probabilistic programming frame-79

work for Python. This package provides access to state-of-the-art sampling algorithms,80

including the No-U-Turn Sampler (NUTS; Hoffman & Gelman, 2014) utilized here. The81

NUTS algorithm is a self-tuning variant of Hamiltonian Monte Carlo (Duane, Kennedy,82

Pendleton, & Roweth, 1987), which works well for complex, multi-dimensional hierarchical83

models.84

Prior to inference, we thin the results of the threshold experiment to avoid excessive85

artificial inflation of information content in the counts of exceedance days. The threshold86

experiment generated thousands of exceedance day counts, but all counts were obtained87

from only 96 unique years of tide gauge data and are therefore not independent. To thin88

the results, we randomly select 10% of the counts from the experiment (Figure S1a), which89

results in each unique year of data being represented approximately once in each 10 cm90

interval of η99.91

We perform 2 × 104 MCMC iterations distributed across four distinct chains, which92

allows for convergence to be monitored both within a sequence of samples and between93
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independent sequences. The number of iterations is sufficient for the simulation to achieve94

convergence based on the Gelman-Rubin statistic (Gelman et al., 2013). The first 104
95

iterations are discarded to reduce the influence of starting values, and the second 104
96

iterations are retained for use in generating probabilistic projections of exceedance days.97

The medians and approximate 95% credible intervals for the parameters are as follows:98

ξ = 10.2± 0.4, (11)99

ω = 10.1± 0.3,100

ν = (7.5± 2.0)× 10−3.101

The credible intervals are not strictly symmetric, but they are approximately symmetric.102

For simplicity, the credible intervals above are given as plus-minus the credible interval103

bound with the largest absolute difference from the median.104

The parameter posteriors in (11) combined with the relationships in (5) and (6) give105

posterior values of µ, σ2, α, and β as functions of η99 (Figure S1). Credible intervals for106

µ and σ2 are narrow and contain the mean and variance of the counts from the threshold107

experiment (not thinned, i.e., Figure 3a in main article) calculated in 1 cm bins of η99.108

These results suggest that the model adequately captures the relationship between η99109

and the beta-binomially distributed counts of exceedance days.110
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Figure S1. (a) Thinned counts of exceedance days per year from the threshold experiment

(gray), mean of the counts in 1 cm bins of η99 (black dashed), and the mean number of exceedance

days from the model posterior (orange). (b) Variance of the counts in 1 cm bins of η99 (black

dashed) and the variance in exceedance days from the model posterior (blue). (c) Distribution

parameters α and β from the model posterior. All panels show the model posterior as the median

(line) and 95% credible interval (shading). Note that the black dashed curves represent quantities

based on results of the threshold experiment before thinning the number of counts, i.e., Figure 3a

in main article.

November 5, 2018, 11:08pm


